MULTIPLICATIVE WEIGHTS UPDATE
Exercise Session 1

1. Given a finite set system (X,R) with n = |X| and m = |R/|, re-consider the problem of
two-coloring the elements of X sequentially to get a coloring of low discrepancy for R.
The new weight function, w': X — Rt is

W'(S) = (14 18)5 (1= ng)™s + (1 = ng)™5 (1 +me)™5

Inm

where ng = © < W)’ Pé is the number of elements of S colored with +1 at time ¢, and
N is the number of elements of S colored with —1 at time ¢.

Show that there exists a two-coloring of (X, R) where each set S € R has discrepancy
) <\/|S| lnm).

2. Given a finite set system (X,R) with n = |X| and m = |R|, and a parameter ¢ > 0, a
multi-set A C X is an e-approximation of R if for each S € R, we have

[STIA]

1SN Al =
| X|

+elA|.

Use MWU technique to show that there exists an e-approximation of R of size O (6% In m).

3. Given a finite set system (X,R) with n = |X| (assume n is even) and m = |R/|, consider
the following ‘discrepancy game’ between two players, Alice and Bob.

The game has n/2 iterations, where in each iteration:

(a) first, Alice choses an uncolored element, say denoted by a' € X, and colors it with
+1, and

(b) then, Bob choses an uncolored element, say denoted by b* € X, and colors it with
—1.

Show that there is a strategy for Alice such that no matter how Bob plays, the final
coloring has discrepancy at most O (x/\S |In m) for each S € R.

The weight function here for Alice is:

3 (1/2) exp (ns (P& — N§)) + exp (ns (N§ — F¥))
SeRr ((1/2) exp(ns) + exp(—ns)) 5+

where ng = © Q/%)
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