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Abstract These lecture notes were first written for a course I gave at
Columbia University in August 2017. They have been updated for a course
in Budapest, 2025, stressing new development and ignoring some others. Their
goal is to put together the asymptotic analysis of several highly correlated sys-
tems such as the eigenvalues of random matrices or random tilings that can
be attacked by similar tools, namely the derivation and analysis of the Dyson-

Schwinger or loop equations.
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1 Introduction

1.1 Some historical references

These lecture notes concern the study of the asymptotics of large systems of par-
ticles in very strong mean field interaction and in particular the study of their
fluctuations. Examples are given by the distributions of eigenvalues of Gaus-
sian random matrices, S-ensembles, random tilings and discrete S-ensembles, or
several random matrices. These models display a much stronger interaction be-
tween the particles than the underlying randomness so that classical tools from
probability theory fail. Fortunately, these model have in common that their
correlators (basically moments of a large class of test functions) obey an infi-
nite system of equations that we will call the Dyson-Schwinger equations. They
are also called loop equations, Master equations or Ward identities. Dyson-
Schwinger equations are usually derived from some invariance or some symme-
try of the model, for instance by some integration by parts formula. We shall
argue in these notes that even though these equations are not closed, they are
often asymptotically closed (in the limit where the dimension goes to infinity)
so that we can asymptotically solve them and deduce asymptotic expansions
for the correlators. This in turn allows to retrieve the global fluctuations of the
system, and eventually even more local information such as rigidity.

This strategy has been developed at the formal level in physics [2] for a long
time. In particular in the work of Eynard and collaborators [52, [51], 50} [16], it
was shown that if one assumes that correlators expand formally in the dimen-
sion N, then the coefficients of these expansions obey the so-called topological



recursion. For instance, in [30} [31], it was shown that assuming a formal expan-
sion holds, Dyson-Schwinger equations induce recurrence relations on the terms
in the expansion which can be solved by algebraic geometry means. These
recurrence relations can even be interpreted as topological recursion, so that
the coefficients of these expansions can be given combinatorial interpretations.
In fact, it was realized in the seminal works of t'Hooft [87] and Brézin-Parisi-
Itzykson-Zuber [44] that moments of Gaussian matrices and matrix models can
be interpreted as the generating functions for maps. One way to retrieve this
result is by using Dyson-Schwinger equations and checking that asymptotically
they are similar to the topological recursion formulas obeyed by the enumera-
tion of maps, as found by Tutte [91]. In this case, one first need to analyze the
limiting behavior of the system, given by the so-called equilibrium measure or
spectral curve, and then the Dyson-Schwinger equations, that is the topological
recursion, will provide the large dimension expansion of the observables.

The study of the asymptotics of our large system of particles also starts with
the analysis of its limiting behaviour. I usually derive this limiting behaviour
as the minimizer of an energy functional appearing as a large deviation rate
functional [9], or in concentration of measure estimates [75], but, according to
fields, people can prefer to see it as the optimizer of Fekete points [81], or as the
solution of a Riemann-Hilbert problem [37]. This study often amounts to the
analysis of some equation. The same type of analysis appears in combinatorics
when one counts for example triangulations of the sphere. Indeed, it can be seen,
thanks to Tutte surgery [01], that the generating function for this enumeration
satisfies some equation. Sometimes, one can solve explicitly this equation, for
instance thanks to the quadratic method and catalytic variables [25] 28] or [57,
Section 2.9]. In our models, we will also be able to derive equations for our
equilibrium measure thanks to Dyson-Schwinger equations. But sometimes,
these equations may have several solutions, for instance in the setting of a
double well potential in S-models. The absence of uniqueness of solutions to
these equations prevents the analysis of many interesting models, such as several
matrix models at low temperature. In good cases such as the S-models, we may
still get uniqueness for instance if we add the information that the equilibrium
measure minimizes a strictly convex energy. Dyson-Schwinger equation can then
be regarded as the equations satisfied by the critical points of this energy.

The Dyson-Schwinger equations will be our key to get precise informations
on the convergence to equilibrium, such as large dimension expansion of the free
energy or fluctuations. These types of questions were attacked also in the Rie-
mann Hilbert problems community based on a fine study of the asymptotics of
orthogonal polynomials [55] 85] [45] [T}, 27, B6]. It seems to me however that such
an approach is more rigid as it requires more technical steps and assumptions
and can not apply in such a great generality than loop equations. Yet, when
it can be used, it provides eventually more detailed information. Moreover, in
certain cases, such as the case of potentials with Fisher Hartwig singularities,
Riemann Hilbert techniques could be used but not yet loop equations [67, [38].

To study the asymptotic properties of our models we need to get one step
further than the formal approach developped in the physics litterature. In other



words, we need to show that indeed correlators can expand in the dimension up
to some error which is quantified in the large N limit and shown to go to zero.
To do so, one needs in general a priori concentration bounds in order to expand
the equations around their limits. For S-models, such a priori concentration
of measure estimates can be derived thanks to a result of Boutet de Monvel,
Pastur and Shcherbina [26] or Maida and Maurel-Segala [75]. It is roughly
based on the fact that the logarithm of the density of such models is very
close to a distance of the empirical measure to its equilibrium measure, hence
implying a priori estimates on this distance. In more general situations where
densities are unknown, for instance when one considers the distributions of the
traces of polynomials in several matrices, one can rely on abstract concentration
of measures estimates for instance in the case where the density is strictly log-
concave or the underlying space has a positive Ricci curvature (e.g SU(N)) [61].
Dyson-Schwinger equations are then crucial to obtain optimal concentration
bounds and asymptotics.

This strategy was introduced by Johansson [68] to derive central limit the-
orems for (-ensembles with convex potentials. It was further developped by
Shcherbina and collaborators [II, [84] and myself, together with Borot [I5], to
study global fluctuations for S-ensembles when the potential is off-critical in
the sense that the equilibrium has a connected support and its density vanishes
like a square root at its boundary. These assumptions allow to linearize the
Dyson-Schwinger equations around their limit and solve these linearizations by
inverting the so-called Master operator. The case where the support of the
density has finitely many connected component but the potential is off-critical
was adressed in [82], [I3]. It displays the additional tunneling effect where eigen-
values may jump from one connected support to the other, inducing discrete
fluctuations. However, it can also be solved asymptotically after a detailed
analysis of the case where the number of particles in each connected compo-
nents is fixed, in which case Dyson-Schwinger equations can be asymptotically
solved. These articles assumed that the potentials are real analytic in order
to use Dyson-Schwinger equations for the Stieltjes functions. We will see that
these techniques generalize to sufficiently smooth potentials by using more gen-
eral Dyson-Schwinger equations. Global fluctuations, together with estimates of
the Wasserstein distance, were obtained in [73] for off-critical, one-cut smooth
potentials. One can obtain by such considerations much more precise estimates
such as the expansion of the partition function up to any order for general off-
critical cases with fixed filling fractions, see [I3]. Such expansion can also be
derived by using Riemann-Hilbert techniques, see [46] in a perturbative setting
and [32] in two cut cases and polynomial potential.

But S-models on the real line serve also as toy models for many other mod-
els. Borot, Kozlowski and myself considered more general potentials depending
on the empirical measure in [I9]. We studied also the case of more compli-
cated interactions (in particular sinh interactions) in [20] : the main problems
are then due to the non-linearity of the interaction which induces multi-scale
phenomenon. The case of critical potentials was tackled recently in [4I]. Also
Dyson-Schwinger (often called Ward identities) equations are instrumental to



study Coulomb gas systems in higher dimension. One however has to deal with
the fact that Ward identities are not nice functions of the empirical measure
anymore, so that an additional term, the anisotropic term, has to be controlled.
This could very nicely be done by Leblé and Serfaty [74] by using local large
deviations estimates. Recently we also generalized this approach to study dis-
crete B-ensembles and random tilings [14] by analyzing the so-called Nekrasov’s
equations in the spirit of Dyson-Schwinger equations.

The same approach can be developed to study multi-matrix questions. Orig-
inally, I developed this approach to study fluctuations and large dimension ex-
pansion of the free energy with E. Maurel Segala [568| [59] in the context of
several random matrices. In this case we restrict ourselves to perturbations of
the quadratic potential to insure convergence and stability of our equations. We
could extend this study to the case of unitary or orthogonal matrices following
the Haar measure (or perturbation of this case) in [33] [60]. This strategy was
then applied in a closely related setting by Chatterjee [29], see also [34].

Dyson-Schwinger equations are also central to derive more local results such
as rigidity and universality, showing that the eigenvalues are very close to their
deterministic locus and that their local fluctuations does not depend much on
the model. For instance, in the case of Wigner matrices with non Gaussian
entries, a key tool to prove rigidity is to show that the Stieltjes transform ap-
proximately satisfies the same quadratic equation than in the Gaussian case
up to the optimal scale [48] 47, 5]. Recently, it was also realized that closely
connected ideas could lead to universality of local fluctuations, on one hand by
using the local relaxation flow [48] [49, 22], by using Lindenberg strategy [85] 86]
or by constructing approximate transport maps [84, [6l 54]. Such ideas could
be generalized in the discrete Beta ensembles [62] where universality could be
derived thanks to optimal rigidity (based on the study of Nekrasov’s equations)
and comparisons to the continuous setting.

Acknowledgments I would like to thank Columbia University, and in par-
ticular Ivan Corwin and Andrei Okounkov, for giving me the opportunity to give
these lectures. I thank as well Jonathan Husson and Felix Parraud for carefully
reading these lecture notes and giving me many constructive feedbacks.

1.2 A toy model

Let us give some heuristics for the type of analysis we will do in these lectures
thanks to a toy model. We will consider the distribution of N real-valued
variables A1, ..., Ay and denote by

UV
H :NZ(S)H
=1

their empirical measure : for a test function f, 4™ (f) = % > f(Xi). Then, the
correlators are moments of the type

M(fr,.... fp) =E[J [ o™ (£)]
=1



where f; are test functions, which can be chosen to be polynomials, Stieltjes
functionals or some more general set of smooth test functions. Dyson-Schwinger
equations are usually retrieved from some underlying invariance or symmetries
of the model. Let us consider the continuous case where the law of the \;’s is
absolutely continuous with respect to [[ dA; and given by

APy (M, ..., N) = eXp{ ZZV)\“,/\Q [T dx
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where V' is some symmetric smooth function. Then a way to get equations
for the correlators is simply by integration by parts (which is a consequence of
the invariance of Lebesgue measure under translation) : Let fo, f1,..., fr be
continuously differentiable functions. Then
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where we noticed that since V' is symmetric 0,V (z,2) = 20,V (2, y)|y=2. The
case £ = 0 refers to the case f; = --- = fy = 1. We will call the above equa-
tions Dyson-Schwinger equations. One would like to analyze the asymptotics
of the correlators. The idea is that if we can prove that /i’ converges, then we
can linearize the above equations around this limit, and hopefully solve them
asymptotically by showing that only few terms are relevant on some scale, solv-
ing these simplified equations and then considering the equations at the next
order of correction. Typically in the case above, we see that if iV converges
towards p* almost surely (or in LP) then by the previous equation (with £ = 0)
we must have

[ $ola)0u, Vi, a1y 22) = 0. 1)
We can then linearize the equations around p* and we find that if we set Ay =
N — u*, we can rewrite the above equation with £ = 0 as
E[AN(Efo)] = *E[AN(fo /fo 21)0z, V (21, 22)dAN (21)dAN(72)] (2)

where = is the Master operator given by

=folz) = 2/olx) / B, V(2,21 )dpr* (1) + 2 / folwn)0a, V (1, 2)dp™ (1)



Let us show heuristically how such an equation can be solved asymptotically.
Let us assume that we have some a priori estimates that tell us that Ay is
of order §y almost surely (or in all L*’s)[ that is that for sufficiently smooth
functions g, Anx(g) = (4" — u*)(g) is with high probability (i.e with probability
greater than 1 — N~ for all D and N large enough) at most of order §yCy
for some finite constant C,|. Then, the right hand side of should be smaller
than max{d%, N~'} for sufficiently smooth test functions. Hence, if we can
invert the master operator Z, we see that the expectation of Ay is of order at
most max{d%, N~'}. We would like to bootstrap this estimate to show that dx
is at most of order N~!. This requires to estimate higher moments of Ay. Let
us do a similar derivation from the Dyson-Schwinger equations when ¢ = 1 to
find that if AN(f) = AN(f) — E[AN(f)],

BlAN(Ef)Ax(A)] = =28 fole1)0h, Vor,22)dAx (a)dAn (22) B fo)
FEANGOAN (Pl + 3Bl (fofl - ()

Again if Z is invertible, this allows to bound the covariance E[A N (fo)An(f1)]
by max{d%;, 6% /N, N~2}, which is a priori better than §%, unless dy is of order
1/N. Since An(f) — An(f) is at most of order 6% by (2), we deduce that also
E[AN(fo)AN(f1)] is at most of order §3,. We can plug back this estimate into
the previous bound and show recursively (by considering higher moments) that
Oy can be taken to be of order 1/N up to small corrections. We then deduce
that

C(fo, i) = Jim N’E[(An —E[AN])(fo)(An = E[AN)(f)] = w" (B fofD)

and
m(fo) = Jim NE[Ax(fo)] = i (E7fo))

We can consider higher order equations (with £ > 1) to deduce higher orders of
corrections, and the convergence of higher moments.

1.3 Rough plan of the lecture notes

We will apply these ideas in several cases where V has a logarithmic singularity
in which case the self-interaction term in the potential has to be treated with
more care. More precisely we will examine the following models.

1. The law of the GUE. We consider the case where the \; are the eigenval-
ues of the GUE and we take polynomial test functions. In this case the
operator = is triangular and easy to invert. Convergence towards p* and
a priori estimates on Ay can also be proven from the Dyson-Schwinger
equations.

2. The Beta ensembles. We take smooth test functions. Convergence of i’V
is proven by large deviation principle and quantitative estimates on 0y



are obtained by concentration of measure. The operator = is invertible if
©* has a single cut, with a smooth density which vanishes like a square
root at the boundary of the support. We then obtain full expansion of the
correlators. In the case where the equilibrium measure has p connected
components in its support, we can still follow the previous strategy if we
fix the number of eigenvalues in a small neighborhood of each connected
pieces (the so-called filing fractions). Summing over all possible choices of
filing fractions allows to estimate the partition functions as well as prove
a form of central limit theorem depending on the fluctuations of the filling
fractions.

3. Discrete Beta ensembles. These distributions include the law of random
tilings and the \;’s are now discrete. Integration by parts does not give
nice equations a priori but Nekrasov found a way to write new equations
by showing that some observables are analytic. These equations can in
turn be analyzed in a spirit very similar to continuous Beta-ensembles.

We will discuss also one idea related with our approach based on Dyson-Schwinger
to study more local questions, in particular universality of local fluctuations.
The first is based on the construction of approximate transport maps as intro-
duced in [6]. The point is that the construction of this transport maps goes
through solving a Poisson equation Lf = g where L is the generator of the
Langevin dynamics associated with our invariant measure. It is symmetric with
respect to this invariant measure and therefore closely related with integration
by parts. In fact, solving this Poisson equation is at the large IV limit closely
related with inverting the master operator = above, and in general follows the
strategy we developed to analyze Dyson-Schwinger equations. Another strategy
to show universality of local fluctuations is by analyzing the Dyson-Schwinger
equations but for less smooth test functions, that is prove local laws. We will
not developp this approach here. These ideas were developed in [62] for dis-
crete beta-ensembles, based on a strategy initiated in [23]. The argument is to
show that optimal bounds on Stieltjes functionals can be derived from Dyson-
Schwinger equation away from the support of the equilibrium measure, but at
some distance. It is easy to get it at distance of order 1/ VN, by straightforward
concentration inequalities. To get estimates up to distance of order 1/N, the
idea is to localize the measure. Rigidity follows from this approach, as well as
universality eventually.

2 The example of the GUE

In this section, we show how to derive topological expansions from Dyson-
Schwinger equations for the simplest model : the GUE. The Gaussian Unitary
Ensemble is the sequence of N x N hermitian matrices X, N > 0 such that
(Xn(ij))i<; are independent centered Gaussian variables with variance 1/N
that are complex outside of the diagonal (with independent real and imaginary



parts). Then, we shall discuss the following expansion, true for all integer k

E[ Tr(X5)] ZN?Q
g>0

This expansion is called a topological expansion because M, (k) is the number
of maps of genus g which can be build by matching the edges of a vertex with k
labelled half-edges. We remind here that a map is a connected graph properly
embedded into a surface (i.e so that edges do not cross). Its genus is the smallest
genus of a surface so that this can be done. This identity is well known [93]
and was the basis of several breakthroughs in enumerative geometry [65, [69].
It can be proven by expanding the trace into products of Gaussian entries and
using Wick calculus to compute these moments. In this section, we show how
to derive it by using Dyson-Schwinger equations.

2.1 Combinatorics versus analysis

In order to calculate the electromagnetic momentum of an electron, Feynman
used diagrams and Schwinger used Green’s functions. Dyson unified these two
approaches thanks to Dyson-Schwinger equations. On one hand they can be
thought as equations for the generating functions of the graphs that are enu-
merated, on the other they can be seen as equations for the invariance of the
underlying measure. A baby version of this idea is the combinatorial versus
the analytical characterization of the Gaussian law A/(0,1). Let X be a random
variable with law N (0,1). On one hand it is the unique law with moments given
by the number of matchings :

E [X"] = # {pair partitions of n points} =: P, . (4)
On the other hand, it is also defined uniquely by the integration by parts formula

EXf(X)] = E[f(X)] (5)
(6)

for all smooth functions f going to infinity at most polynomially. If one applies
the latter to f(z) = 2™ one gets

Mpy1 :=E [X"‘H] = E [nX”_l] = NMpy_1 -

This last equality is the induction relation for the number P,;; of pair
partitions of n+ 1 points by thinking of the n ways to pair the first point. Since
Py =mog=1and P, =m; =0, we conclude that P, = m,, for all n. Hence, the
integration by parts formula and the combinatorial interpretation of moments
are equivalent.



2.2 GUE : combinatorics versus analysis

When instead of considering a Gaussian variable we consider a matrix with
Gaussian entries, namely the GUE, it turns out that moments are as well de-
scribed both by integration by parts equations and combinatorics. In fact mo-
ments of GUE matrices can be seen as generating functions for the enumeration
of interesting graphs, namely maps, which are sorted by their genus. We shall
describe the full expansion, the so-called topological expansion, at the end of
this section and consider more general colored cases in section ??. In this sec-
tion, we discuss the large dimension expansion of moments of the GUE up to
order 1/N? as well as central limit theorems for these moments, and characterize
these asymptotics both in terms of equations similar to the previous integration
by parts, and by the enumeration of combinatorial objects.

Let us be more precise. A matrix X = (X;;)1<i j<n from the GUE is the
random N x N Hermitian matrix so that for k < j, Xj; = X,lfj +7:X]i]1§, with two
independent real centered Gaussian variables with covariance 1/2N (denoted
later N(O, ﬁ)) variables X,%,X,??) and for k € {1,...,N}, Xg ~ N(O, %)
then, we shall prove that

B[ Tr(X5)] = Mo(k) + 103 My (k) + ol 505

= =) (7)

where

e My(k) = Cj/2 denotes the Catalan number : it vanishes if k& is odd and
is the number of non-crossing pair partitions of 2k (ordered) points, that
is pair partitions so that any two blocks (a,b) and (c,d) is such that
a<b<c<dora<c<d<b Cjcan also be seen to be the number
of rooted trees embedded into the plane and k edges, that is trees with a
distinguished edge and equipped with an exploration path of the vertices
v = vy — -+ — vy of length 2k so that (vy,vs) is the root and each
edge is visited twice (once in each direction). Cj can also be seen as the
number of planar maps build over one vertex with valence k : namely take
a vertex with valence k, draw it on the plane as a point with k half-edges.
Choose a root, that is one of these half-edges. Then the set of half-edges
is in bijection with k& ordered points (as we drew them on the plane which
is oriented). A matching of the half-edges is equivalent to a pairing of
these points. Hence, we have a bijection between the graphs build over
one vertex of valence k£ by matching the end-points of the half-edges and
the pair partitions of k ordered points. The pairing is non-crossing iff the
matching gives a planar graph, that is a graph that is properly embedded
into the plane (recall that an embedding of a graph in a surface is proper
iff the edges of the graph do not cross on the surface). Hence, My(k) can
also be interpreted as the number of planar graphs build over a rooted
vertex with valence k. Recall that the genus g of a graph (that is the
minimal genus of a surface in which it can be properly embedded) is given
by Euler formula :

2 —2g = #Vertices + #Faces — #FEdges ,

10



where the faces are defined as the pieces of the surface in which the graph
is embedded which are separated by the edges of the graph. If the surface
as minimal genus, these faces are homeomorphic to discs.

e M (k) is the number of graphs of genus one build over a rooted vertex
with valence k. Equivalently, it is the number of rooted trees with k/2
edges and exactly one cycle.

Moreover, we shall prove that for any ki, ..., k&, (Tr(X%) — E[Tr(X%)])1<j<p
converges in moments towards a centered Gaussian vector with covariance

Mo(k,€) = lim B [(Tr(X*) - E[Tr(X")])(Tr(X*) - E[Tx(X)])] -

My(k, £) is the number of connected planar rooted graphs build over a vertex
with valence k and one with valence ¢. Here, both vertices have labelled half-
edges and two graphs are counted as equal only if they correspond to matching
half-edges with the same labels (and this despite of symmetries). Equivalently
My(k, £) is the number of rooted trees with (k + ¢)/2 edges and an exploration
path with & + ¢ steps such that k consecutive steps are colored and at least an
edge is explored both by a colored and a non-colored step of the exploration
path.

Recall here that convergence in moments means that all mixed moments
converge to the same mixed moments of the Gaussian vector with covariance
M. We shall use that the moments of a centered Gaussian vector are given by
Wick formula :

p
mky, . k) =E[[ [ Xe] =) 11 M (kq, k)
i=1 7™ blocks (a,b) of =

which is in fact equivalent to the induction formula we will rely on :

p
m(kh .- '7kp) = ZM(kla ki)m(kQa .. '7ki—15 ki-‘rla .. '7kp) .

=2

Convergence in moments towards a Gaussian vector implies of course the stan-
dard weak convergence as convergence in moments implies that the second mo-
ments of Zy := (Tr(X*) —E[Tr(X*i)])1<j<, are uniformly bounded, hence the
law of Zp is tight. Moreover, any limit point has the same moments than the
Gaussian vector. Since these moments do not blow too fast, there is a unique
such limit point, and hence the law of Zy converges towards the law of the
Gaussian vector with covariance M. We will discuss at the end of this section
how to generalize the central limit theorem to differentiable test functions, that
is show that Zn(f) = Trf(X) — E[Trf(X)] converges towards a centered Gaus-
sian variable for any bounded differentiable function. This requires more subtle
uniform estimates on the covariance of Zx (f) for which we will use Poincaré’s
inequality.

11



The asymptotic expansion as well as the central limit theorem can be
derived using combinatorial arguments and Wick calculus to compute Gaussian
moments. This can also be obtained from the Dyson-Schwinger (DS) equation,
which we do below.

2.2.1 Dyson-Schwinger Equations

Let :
Yy = TrX* - ETrX*
We wish to compute for all integer numbers k1, ..., k, the correlators :
P
E | Tex™ [ ] e,
i=2

By integration by parts, one gets the following Dyson-Schwinger equations

Lemma 2.1. For any integer numbers ki, ..., k,, we have
P 1 k1—2 P
k _ ¢ ky—2—
E TrXIHYki =E NZTrXTer pHYki
=2 £=0 =2
L P
+E [ ﬁTerl+ki*2 I v, (8)
i=2 =250

Proof. Indeed, we have

TrX ﬁ Y,

N p
E = Y E lxij(xkll)ﬂnyki
i=2 i,5=1 =2
1 & L
N > E|ox, ((Xkl_l)jiHYm)
i,j=1 =2

where we noticed that since the entries are Gaussian independent complex vari-
ables, for any smooth test function f,

B[,y f(Xie, b < 0)] = L Elx, f (Xee, k< 0)]. ©)

But, for any i,j,k, 0 € {1,...,N} and r € N

r—1

O, (X ke = (X )iy (X775 D

s=0
where (X°);; = 1,—;. As a consequence
Ox,,(Y;) = TX}[l .

The Dyson-Schwinger equations follow readily. o

12



Exercise 2.2. Show that
1. If X is a GUE matrix, @ holds. Deduce (12.1)).

2. take X to be a GOE matriz, that is a symmetric matrix with real indepen-
dent Gaussian entries Ng (0, +) above the diagonal, and Ng(0, 2) on the
diagonal. Show that

E[X;; f(Xke, k < 0)] = %E[axﬂf(Xke, k<0)]+ %E[axijf(Xke, k<0).

Deduce that a formula analogous to (2.1) holds provided we have an addi-
tional term N7'E [k TrX* [TV, v |.

2.2.2 Dyson-Schwinger equation implies genus expansion

We will show that the DS equation (2.1) can be used to show that :

E {;Ter} = Moy(k) + %Ml(k) + o(%)

Next orders can be derived similarly. Let :

1
my =R [Nﬂxk}

By the DS equation (with no Y terms), we have that :

k—2 1 1
ZNﬁXfNTer—"—Q] : (10)
£=0

my =E

We now assume that we have the self-averaging property that for all £ € N :

(;[TrXZ —-E []thrX‘ZDQ] =o(1)

as N — oo as well as the boundedness property

E

supmév < 00.
N

We will show both properties are true in Lemma If this is true, then the
above expansion gives us :

k—2
N _ N_N
my, = Z my my_g_o +0(1)
=0

As {mév ,¢ < k} are uniformly bounded, they are tight and so any limit point
{my, £ < k} satisfies
k—2

my = E memg_g—2,mg = 1,m; =0.
=0

13



This equation has clearly a unique solution.
On the other hand, let My(k) be the number of maps of genus 0 with one
vertex with valence k. These satisfy the Catalan recurrence :

k=2
My (k) =) Mo(£)Mo(k — £ —2)
=0

This recurrence is shown by a Catalan-like recursion argument, which goes by
considering the matching of the first half edge with the ¢th half-edge, dividing
each map of genus 0 into two sub-maps (both still of genus 0) of size ¢ and
k—t¢—2 for £ €{0,...,k—2}.

Since m and My both satisfy the same recurrence (and My(0) = m) =
1, My(1) = m¥ = 0), we deduce that m = M; and therefore we proved by
induction (assuming the self-averaging works) that :

my = My(k) +o(1) as N — oo
It remains to prove the self-averaging and boundedness properties.

Lemma 2.3. There exists finite constants Dy and Ey, k € N, independent of
N, so that for integer number £, every integer numbers ki, ..., ky then :

‘
a) N(k1,y... k) =E HYki satisfies [c" (ky, ..., ky)| < Dy,
i=1

and

1
b) mgl =K [NTrX’“} satisfies |m£]1| < Bk, -

Proof. The proof is by induction on k = > k;. It is clearly true for k = 0,1
where Ey = 1, E; = 0 and Dy = 0. Suppose the induction hypothesis holds for
k — 1. To see that b) holds, by the DS equation, we first observe that :

k—
1
E[NTer} - Z Lxed Ter -2
=0
b 1
_ N
= ;(mé my_g_ 2+N2 Ntk ——2))

Hence, by the induction hypothesis we deduce that

e | ymxt| < 3

(E¢Ex—9-_¢+ Dy_9) = E}.
=0

14



To see that a) holds, we use the DS equation as follows

r r P
Yio [[Ye,| = E|TXi, [[ Vi, | - E[MXe,]E | [] %,
j=2 j=2 j=2

1 k—2
= +E > TX Xkt QHYk
£=0 j=2
L
+E Z Sy xkthi—2 H i,
i=2 j=2,j#i
r 1 k—2 P
-E NZTrXfTrX’ﬂ*H HYk]
L™ ¢=0 j=2

We next substract the last term to the first and observe that
TeX‘TrX*h =62 _E[Tr X Tr Xk —2
= NYomy _g_+NYe—o_em) +YYi, —o_o—cN (€, k1 —2—0)
to deduce

p ki1—2
Yk1HY/€j —2Zme ]{?1—2—6/€2,...,k>

P
+ Z kimé\i_‘_h_ch(k’g, ey ki—la ki—‘—l, . k'p)

i=2

k172
-5 2l Nky —2 = 0N (ko ky) — Nk —2 — L ko, .. k)]

£=0

P

Z k1+k 2>k2a"7ki717ki+17'7kp) (11)

i=2
which is bounded uniformly by our induction hypothesis. o

As a consequence, we deduce

Corollary 2.4. For all k € N, +Tr(X*) converges almost surely towards
Mo(k).

Proof. Indeed by Borel Cantelli Lemma it is enough to notice that it follows
from the summability of

N
k k C (k’,k) ng
P (ITr(X" = E (Tr(X") | > Ne) < —55= < .

15



2.3 Central limit theorem

The above self averaging properties prove that m = M(k) + o(1
next order correction we analyze the limiting covariance ¢V (k
show that

). To get the
,0). We will

Lemma 2.5. For all k,f € N, ¢ (k, ) converges as N goes to infinity towards
the unique solution My(k,€) of the equation

{—2
Mo(k,0) = 2 Mo(p)Mo(k —2—p,0) + LMo(k + £ — 2)
p=0

so that My(k,¢) =0 if k+¢ <1.
As a consequence we will show that

Corollary 2.6. N?(mY — My(k)) = mi +o(1) where the numbers (mi.)x>o0 are
defined recursively by :

k—2 k—2
my =23 mpMo(k—0—2)+> My(l,k—0—2)
=0 =0

Proof. (Of Lemma[2.5) Observe that ¢V (k, £) converges for K = k+/¢ < 1 (as it
vanishes uniformly). Assume you have proven convergence towards My (k, £) up
to K. Take k1 + ko = K + 1 and use with p = 1 to deduce that ¢V (k1, ko)
satisfies

k1—2

N (ki ko) =2 ;) mp N (ky—0—2, ko) +kamp . 2+NZC (0, ky——2, k5) .

Lemma implies that the last term is at most of order 1/N and hence we
deduce by our induction hypothesis that ¢(k1, k2) converges towards Mo(k1, ko)
which is given by the induction relation

k1
Mo(ky k) = 2 Mo(O)Mo(ky — 2 — €,k2) + ko Mo(ky + ko — 2).
£=0

Moreover clearly My(ki,k2) = 0 if k1 + ko < 1. There is a unique solution to
this equation. o

Exercise 2.7. Show by induction that

My(k, £) = # {planar maps with 1 vertez of degree £ and one vertex of degree k}

16



Proof. (of Corollary Again we prove the result by induction over k. It is
fine for k = 0,1 where ¢ = 0. By with p = 0 we have :

N2 (mp) — Mo(k)) = 2 Mo(6)N? (mp_y_y — Mo(k — 2 = 0))
+Y N (m) = Mo(6)) (mp—g—2 — Mo(k — 2 — 0))
+> Nk —1-2)

from which the result follows by taking the large N limit on the right hand side.
S

Exercise 2.8. Show that c}, = mq(k) is the number of planar maps with genus
1 build on a vertezx of valence k.(The proof goes again by showing that mq (k)
satisfies the same type of recurrence relations as c}C by considering the matching
of the root : either it cuts the map of genus 1 into a map of genus 1 and a map
of genus 0, or there remains a (connected) planar maps.)

Theorem 2.9. For any polynomial function P = Y M\pa*, Zy(P) = TrP —
E[TrP] converges in moments towards a centered Gaussian variable Z(P) with
covariance given by

E[Z(P)Z(P)] =Y AxAw Mo(k, k') .
Proof. 1t is enough to prove the convergence of the moments of the Yj’s. Let

N(ky,. o kp) =E [Yi, -+ Y, ] -

Then we claim that, as N — oo, ¢™ (k1,...,k,) converges to G(k1,...k,) given
by :
k A
Gy, kp) =Y Mok, ki)Glka, .. ki, Kp) (12)
=2

where " is the absentee hat.

This type of moment convergence is equivalent to a Wick formula and is
enough to prove (by the moment method) that Yz, ..., Y%, are jointly Gaussian.
Again, we will prove this by induction by using the DS equations. Now assume
that holds for any kq, ..., ky such that > _¥_, k; < k. (induction hypothesis)
We use . Notice by the a priori bound on correlators of Lemma (a) that
the terms with a 1/N are negligible in the right hand side and mJ is close to
My (k), yielding

p k172
E Ve, [[Yh,| =2 Mo(0)cN (ky — 2= €k, ... Fyp)
j=2 =0

p
1
+Z k’iMQ(k‘l + k; — 2>CN(]€27 kiz1, ki, k'p> + O(N)

1=2

17



By using the induction hypothesis, this gives rise to :

P

[1¥

=1

E = 2> Mo(O)G(ky =€ 2,ka, ... Fp)

+ > kiMo(k; + kj — 2)Glka, ... ki, . k) + o(1)
It follows that
Glhr,... kp) =2 My(O)G(ky—C—2, ks, ... ky)+ > kiMo(ki+k;j—2)G ks, . .. ki,

But using the induction hypothesis, we get
Glki, ...k, Z 2> " Mo(0)M (ky—0—2, ki) +k:i Mo (ki+k;—2))G (ka, ... i, .. Fp)

which yields the claim since

Mo(ky, ki) =2 Mo(O)M(ky — € — 2,k;) + ki Mo(ky + ki — 2) .

2.4 Generalization

One can generalize the previous results to smooth test functions rather than
polynomials. We have

Lemma 2.10. Let o be the semi-circle law given by

= %\/4—x2daj.

1. For any bounded continuous function f with polynomial growth at infinity
lim — / f(z)do(x a.s.

2. For any C? function f with polynomial growth at infinity Z(f) = > f(N\i)—
E(Q" f(N)) converges in law towards a centered Gaussian variable.

Our proof will only show convergence : the covariance is well known and can
be found for instance in [79} (3.2.2)].

Exercise 2.11. Show that for alln € N, [a"do(z) = My(n).

Proof. The convergence of + ZZ 1 f(X\;) follows since polynomials are dense in
the set of continuous functlons on compact sets by Weierstrass theorem. Indeed,

18



our bounds on moments imply that we can restrict ourselves to a neighborhood
of [-2,2] :

N
OIS v B

i=1
has moments asymptotically bounded by cr(acz]“”p)/MmC < 221’(2/M)2k. This
allows to approximate moments by truncated moments and then use Weierstrass
theorem.

To derive the central limit theorem, one can use concentration of measure

inequalities such as Poincaré inequality. Indeed, Poincaré inequalities for Gaus-
sian variables read : for any C' real valued function F on CNWV=1/2 RN

E [(F(ng,k,l) fIE[F(XM,k,l)])ﬂ < %E ;|8XUF(XM,I§,I)}2

Taking F' = Trf(X) we find that dx,, F(Xye, k,1) = f'(X);;. Indeed, we proved
this point for polynomial functions f so that we deduce

2

E[(Tr(£(X) - E[L(f(X)])’] < TE [T(f(0)?)] .

Hence, if we take a O function f, whose derivative is approximated by a poly-
nomial P; on [—M, M] (with M > 2) up to an error € > 0, and whose derivative
grows at most like 22X for |z| > M, we find

E[(Tef (X) — E[Trf(X)] = (TrPo(X) — E[TeP:(X)]))’]

<48 [+ SP200 + A o)

where the right hand side goes to zero as N goes to infinity and then € goes to
zero. This shows the convergence of the covariance of Z(f). We then proceed
similarly to show that the approximation is good in any LP, hence deriving the
convergence in moments.

o

2.5 GUE topological expansion

The “topological expansion” reads
1 k 1
E| T [X*]] = ;ﬁMg(k)
9>

where M, (k) is the number of rooted maps of genus g build over a vertex of
degree k. Here, a “map” is a connected graph properly embedded in a surface
and a “root” is a distinguished oriented edge. A map is assigned a genus, given
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by the smallest genus of a surface in which it can be properly embedded. This
complete expansion (not that the above series is in fact finite) can be derived as
well either by Wick calculus or by Dyson-Schwinger equations : we leave it as
an exercise to the reader. We will see later that cumulants of traces of moments
of the GUE are related with the enumeration of maps with several vertices.

3 Beta-ensembles
Their distribution is the probability measure on RN given by

1
zy"

N
A(/\)ﬁefNBZV(M) Hd)\i

i=1

APy (M1, ... )

where A(X) = [L_. |Ai — Ajl.

i<j

Remark 3.1. In the case V(X) = 22 and 8 = 2, PJ%,’$2/4 is exactly the law
of the eigenvalues for a matriz taken in the GUE as we were considering in the
previous chapter (the case f =1 corresponds to GOE and 8 =4 to GSE). This

is left as a (complicated) exercise, see e.g. [3].

[ ensembles also represent strongly interacting particle systems. It turns
out that both global and local statistics could be analyzed in some details. In
these lectures, we will discuss global asymptotics in the spirit of the previous
chapter. This section is strongly inspired from [I5]. However, in that paper,
only Stieltjes functions were considered, so that closed equations for correlators
were only retrieved under the assumption that V is analytic. In this section, we
consider more general correlators, allowing sufficiently smooth (but not analytic)
potentials. We did not try to optimize the smoothness assumption.

3.1 Law of large numbers and large deviation principles

Notice that we can rewrite the density of S-ensembles as :

apryY L.
dX Z]%»V

1
Xp 25;111 N = Xl = BN V(N

1 N
=7 Bvexp{_ﬁNgg(ﬂN)}
VA

where [iy is the empirical measure (total mass 1), and for any probability mea-
sure p on the real line, we denote by £ the energy

e = [ [3V@)+ 5V - 5l - yldua)dnty)

(the “=" is in quotes because we have thrown out the fact that In|x — y| is
not well defined for a Dirac mass on the “self-interaction” diagonal terms)
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Assumption 3.2. Assume that liminf|,_ % > 1 (i.e. V(x) goes to in-
finity fast enough to dominate the log term at infinity) and V is continuous.

Theorem 3.3. If Assumption[3.4 holds, the empirical measure converges almost
surely for the weak topology

i = i a.s
where pyt is the equilibrium measure for V., namely the minimizer of E(y).

One can derive this convergence from a related large deviation principle [10]
that we now state.

Theorem 3.4. If Assumptz'on holds, the law of iy under Pf,’v satisfies a
large deviation principle with speed N? and good rate function

I(p) = BE(p) — B inf E(v).

veP(R)

In other words, I has compact level sets and for any closed set F of P(R),

1
lim sup Nz n Py (fin € F) < — i%fl

N —o0
whereas for any open set O of P(R),
liminfilnPﬂ’V(ﬂN €0)>—infl
Nooo N2 N - o
To deduce the convergence of the empirical measure, we first prove the ex-
istence and uniqueness of the minimizers of €.
Lemma 3.5. Suppose Assumption[3.4 holds, then :

e There exists a unique minimizer py; to €. It is characterized by the fact
that there exists a finite constant Cy such that the effective potential

Vanlz) = V(&) = [ Inle = o] dui?) - Cv

vanishes on the support of it and is non negative everywhere.

o For any probability measure p, we have the decomposition

ds 2

e =i+ [

+ / Ve (2)du(x) . (13)

[ et = i)o)
Proof. We notice that with f(z,y) = 2V (z)+ 3V (y) — $In|z —y|,

Eu) = / f(,y)dp(x)dp(y) = sup / F(@,y) A Mdp(z)du(y)

M>0
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by monotone convergence theorem. Observe also that the growth assumption
we made on V insures that there exists v > 0 and C' > —oo such that

f(z,y) = y(n(|z| +1) + In(ly[ + 1)) + T, (14)

so that f A M is a bounded continuous function Hence, & is the supremum of
the bounded continuous functions Exr (1) := [ [ f(z,y /\Mdp( )du(y), defined
on the set P(R) of probability measures on R equipped with the weak topology.
Hence £ is lower semi-continuous. Moreover, the lower bound on f yields

Las o= (€ P®): £ < 0y < { [ nllel + Ddnto) < X0 =

(15)
where K is compact. Hence, since L, is closed by lower semi-continuity of £
we conclude that L, is compact for any real number M. This implies that &
achieves its minimal value. Let xf' be a minimizer. ertmg that E(uy! +ev) >
E(pyt) for any measure v with zero mass so that (! + ev is positive for € small
enough gives the announced characterization in terms of the effective potential
Verr-
For the second point, take p with £(u) < oo and write

V= Vef-f+/1n\- —ylduyi(y) + Cvy
so that
£ =€)~ 5 [ [ ke~ yld(u— i@ - i) + [ Viala)duta).

On the other hand, we have the following equality for all z,y € R

In |z —y| —/Ooi <e_21t —e‘lzzfyz>dt
0 2t '

One can then argue [9] that for all probability measure p with £(u) < oco(in
particular with no atoms), we can apply Fubini’s theorem and the fact that
p— py is massless, to show that

/ / In fz — g d(ps — 152 () — 52 ()
[ 5 [ dw— @t - i e

_ _/Omw%/ew"’ /eimd(u—ﬁ)(m) it
7| - e

> dy
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This term is concave non-positive in the measure p as it is quadratic in p, and
in fact non degenerate as it vanishes only when all Fourier transforms of 1 equal
those of py7, implying that p = pi'. Therefore £ is as well strictly convex as it
differs from this function only by a linear term. Its minimizer is thus unique. ©

Remark 3.6. Note that the characterization of p3; implies that it is compactly
supported as Vog goes to infinity at infinity.

Remark 3.7. It can be shown that the equilibrium measure has a bounded
density with respect to Lebesque measure if V is C?. Indeed, if f is C' from
R — R and & small enough so that ¢.(x) = x + ef(x) is a bijection, we know
that

I(pettpy') = I(puy?)
where we denoted by e the pushforward of p by @ given, for any test function
g, by -

/ o(y)dotnly) = / o)) du(z) .

As a consequence, we deduce by arguing that the term linear in € must vanish

that
3 | [P @) = (v,

By linearity, we may now take f to be complex valued and given by f(x) =
(z — z)~'. We deduce that the Stieltjes transform Seq(z) = [(z — z) " tdui(x)
satisfies

1 V() .

39e(2? = [T ai2(0) = Sua VR + 1)
with

f(z) =

/ Vl(x) — V/(%(Z))dui;l(x) )

Z—x

f is bounded on compacts if V is C?. Moreover, we deduce that

S(z) = V'(R(2) = VV'(R(2))? + 2 (2).

But we can now let z going to the real axis and we deduce from Theorem 77

that pyt has bounded density \/V'(x)? — 4f(x).

Note also that it follows, since V'(x)?—4f(x) is smooth that when the density
of uy vanishes at a it vanishes like |z — al?’? for some integer number ¢ > 1.

Because the proof of the large deviation principle will be roughly the same
in the discrete case, we detail it here.
Proof of Theorem [3.4] We first consider the non-normalized measure

aQY 1
Do = e 25;1n|)\i—)\j|—ﬁN2V(Ai)
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and prove that it satisfies a weak large deviation principle, that is that for any
probability measure p,

1
—BE(n) = limsuplimsupWIHQ%V(d(,&N,u)<5)

6—0 N—o00

PV .
= liminflim inf N2 In Q?\;V(d(m\;,u) < 0)

6—0 N—oo

where d is a distance compatible with the weak topology, such as the Vasershtein
distance.
To prove the upper bound observe that for any M > 0

5V (i) < 8) < / eIV oy S NMARN (RN () T =8V A g,
A( )<

BNM o= BN? [ f(zy)AMd™N (z)di™ (y) He’ﬁV(Ai)d)\i
d(ﬂN7H)<6

where in the first line we used that the \; are almost surely distinct. Now, using
that for any finite M, £y, is continuous, we get

J (A ) < 8) < PNM e ANTEM G EN ROl / e VVanN

Taking first the limit N going to infinity, then J going to zero and finally M
going to infinity yields

1
limsuplimsupm In Qf\;v(d(ﬂN,u) <0) < —BE(u).

§—0 N—o0

To get the lower bound, we may choose p with no atoms as otherwise £(u) =
+o00. We can also assume p compactly supported, as we can approximate it by
par(de) = 1< prdp/p([—M, M]) and it is not hard to see that £(uar) goes to
E(pn) as M goes to infinity. Let x; be the i*" classical location of the particles
given by u((—oo,2;]) = i/N. z; < z;41 and we have for N large enough and
p >0, ifui:)\i—:vi,

Q = Niflus| < N7P,u; Swipa} € {d(fv, 1) < 0}
so that we get the lower bound

N
QY (d(fin, p) <0) > /H |2 — 25+ u; — uj|” ] exp (~NBV (@ + u;)) dus
=1

Q ©>J

Observe that by our ordering of = and u, we have |z; —x; +u; —u;| > max{|z; —
x|, |u; — u;|} and therefore

[Tz =25 +ui—uil® > [ Jwi =2 [T lwis — @il 72 ] lwier — wil®?
7

i>j i>j+1 i
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where for ¢ > j +1
Ti Tjt1
In|z; — ;| > / / In|z — y|ldu(z)du(y)
Ti—1 JL’j

whereas

oo 22 [ [ Loy Infe - yldi@)dii? ).
Ti—1 JTi—1
We deduce that
1 L 1 > N7 1 dusH(x)dpss
D e =g+ 5y I fwig —ail > 0|z — yldui (@) dps (y) -
i>j+1 i
Moreover, V' is continuous and p compactly supported, so that

N

1 & 1
N;V(xi—i—ui) = NZV(;Q) +o(1). (16)

i=1

Hence, we conclude that

Y

QXY (d(iin, p) < 0) exp{—BN?E(u)} /Q [T lwia - w2 I du:

exp{—BN?E () + o(N?)} (17)

Y

which gives the lower bound. To conclude, it is enough to prove exponential
tightness. But with Kj; as in we have by

Q,?V,V(Kg/[) S/ e—2ny(N—1)fln(\wl—&-l)dﬂN(ac)—C’Nz Hd}\i < eN2(c’—2«,M)

K5,

with some finite constant C’ independent of M. Hence, exponential tightness
follows :

. . 1 A

limsup limsup — In Q" (Kj;) = —o0

M—oo0 N-—oo N
from which we deduce a full large deviation principle for Q%V and taking F' = O
be the whole set of probability measures, we get in particular that

1
Jim 5 In Z%Y = —Binf €.
o

We also have large deviations from the support : the probability that some
eigenvalue is away from the support of the equilibrium measure decays exponen-
tially fast if Vg is positive there. This was proven for the quadratic potential
in [8], then in [3] but with the implicit assumption that there is convergence of
the support of the eigenvalues towards the support of the limiting equilibrium
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measure. In [12] [19], it was proved that large deviations estimate for the sup-
port hold in great generality. Hence, if the effective potential is positive outside
of the support S of the equilibrium measure, there is no eigenvalue at positive
distance of the support with exponentially large probability. It was shown in
[63] that if the effective potential is not strictly positive outside of the support
of the limiting measure, eigenvalues may deviate towards the points where it
vanishes. For completeness, we summarize the proof of this large deviation
principle below.

Theorem 3.8. Let S be the support of pyt. Assume Assumptz'on and that
V is C%. Then, for any closed set F in S°

1
limsup — In P2V (3i € {1,N}: \; € F) < —Binf Vig,
N—o0 N F

whereas for any open set O C S°
o1 Vo .
l}gélofﬁlnpﬁ’ (Fie{l,N}: N €0)> —ﬁlngeff.

Proof. Observe first that Vg is continuous as V' is and  — [In |z — y|dui (y)
is continuous by Remark 3.7] Hence, as Vog goes to infinity at infinity, it is a
good rate function.

‘We shall use the representation

TV(F TV (F
Nﬁ() <Py [3i MeF< N%() (18)
TR (R) T (R)
where, for any measurable set X :
B, a5 {*NBV(ﬁ)Jr(N*l)deﬂ - (A)lnlﬁfM}
300 = Py [ [ e v ] D)

We shall hereafter estimate - In T%V(X). We first prove a lower bound for

T%V(X) with X open. For any x € X we can find € > 0 such that (z—e,z+¢) C
X. Let §.(V) = sup{|V(z) = V(y)|, |x —y| < e}. Using twice Jensen inequality,
we lower bound T%V(X) by

> phi [ / o dse{’” VN8 [ ditr-atm) 1“'5’"}]
re
> e VB(V@+a(v) vav_zéj% [/‘” dge{(N_”B [ diin—1 (V) lnf—/\l}]
> 9e o~ NB(V@)+5:(v) e{(N_l)ﬂPIBV;J?YI [fd[‘””m H“’E(A)]}
> 9 e-Nﬁ(V(m)+5E(V)) e{(Nfl)BPziﬁ_Vl [fdﬂN,l(A) ¢E,K(>‘)Hw,s()‘):|} (20)
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where we have set :

x+e d
H, (V) = / MY (21)

_. 2¢

and ¢, g is a continuous function which vanishes outside of a large compact K
including the support of 41, is equal to one on a ball around 2 with radius 1+4-¢
(note that H is non-negative outside [x — (1 +¢), 2 + 1 + €] resulting with the
lower bound (20)) and on the support of 47, and takes values in [0,1]. For any
fixed € > 0, ¢z x H; - is bounded continuous, so we have by Theorem (note
that it applies as well when the potential depends on N as soon as it converges
uniformly on compacts) that :

TV (X) > 2 e_NTﬂ(V(x>+as(v>)e{<N71)5fdfv“<A> ba i (A) HI,E(AHNR(e,N)} (22)

with limy oo R(e, N) = 0 for all ¢ > 0. Letting N — oo, we deduce since
[ dpiF(N) ¢o ik (N) Hy e(N) = [ dpit(N) Hy o(N) that :

1}&1?;% 1% (X) > —B6.(V) —5(‘/(3;) —/dﬁ(A) Hw,e(/\)> (23)

Exchanging the integration over £ and z, observing that £ — [ duy*(A) In |€— A
is continuous by Remark [3.7) and then letting ¢ — 0, we conclude that for all
x € X,

lim inf % In Y%V (X) > =8 Veg () . (24)

We finally optimize over x € X to get the desired lower bound. To prove the
upper bound, we note that for any M > 0,

NV —-NBV N-1)g [dian—_1(\) Inmax(|=X|,M !
8V (x) < PEAS V dge{ BVE+H(N-1)8 [ diix—1(3) 1o max (e )}] |
X

Observe that there exists Cy and ¢ > 0 and d finite such that for |¢| larger
than Cy :

Wa(€) = V(E) — /du()\) Inmax(|e — A, M) > clnlé| +d

by the confinement Hypothesis (3.2), and this for all probability measures p on
R. As a consequence, if X C [—-C, C]° for some C' large enough, we deduce that

T%V(X) S/dfe—(Nfl)g(clnlng) SengclnC (25)
X

where the last bound holds for N large enough. Combining , and

shows that

1
lim sup lim sup N lnPﬁ,’V[ﬂi |Ail = C] = —o0.

C—oco N—ooo
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Hence, we may restrict ourselves to X bounded. Moreover, the same bound

NV

extends to Pf,_Nlj so that we can restrict the expectation over fixy_1 to prob-
ability measures supported on [—~C, C] up to an arbitrary small error e~ (@),
provided C is large enough and where e(C) goes to infinity with C. Recall
also that V(§) — 2 [ diy—1(\) Inmax(]¢ — A[, M~!) is uniformly bounded from
below by a constant D. As A— Inmax(|¢ — A|, M~!) is bounded continuous on
compacts, we can use the large deviation principles of Theorem [3:4] to deduce
that for any € > 0, any C > C,

Tzﬁv’v(x) < N°R(e,N,0) + e—N(e(C)—gp) (26)

—NBV N-1 dpfi(N) Inmax (|E—A[,M ™)+ NM }
+/d£e{ BV()+(N-1)B [ dus?(N) (le=ALM ") +NMe
X

with lim supy_, ., R(g, N, C) equals to

. 1 B A% - c

lim sup 75 In Py {an—([-C,C)) = 1} n{d(in—1, u3) > €}) < 0.
Moreover, { = V(&) — [ duit () Inmax(|¢ — A|, M 1) is bounded continuous so
that a standard Laplace method yields,

1
lim sup N In T’]B\;V(X)

N—o00

< max{—giré)f( [B(V(f)—/d,u;q()\)lnmax(|§—)\|7M—l))},—(e(C)—gD)}.

We finally choose C' large enough so that the first term is larger than the sec-
ond, and conclude by monotone convergence theorem that [ dpy(A) In max (|€—
Al, M) decreases as M goes to infinity towards [ duj(A)In|€—A|. This com-
pletes the proof of the large deviation.

S

Hereafter we shall assume that
Assumption 3.9. V.¢s is positive outside S.

Remark 3.10. As a consequence of Theorem[3.8, we see that up to exponen-
tially small probabilities, we can modify the potential at a distance € of the
support. Later on, we will assume we did so in order that Ve'ff does not vanish
outside S.

In these notes we will also use that particles stay smaller than M for some
M large enough with exponentially large probability.

Theorem 3.11. Assume Assumption[3.9 holds. Then, there exists M finite so
that

1
hmsulenPf,’v(Eli e{l,...,N}:|\| > M) <0.

N—oc0
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Here, we do not need to assume that the effective potential is positive ev-
erywhere, we only use it is large at infinity. The above shows that latter on, we
can always change test functions outside of a large compact [—M, M] and hence
that L? norms are comparable to L> norms.

3.2 Concentration of measure

We next define a distance on the set of probability measures on R which is well
suited for our problem.

Definition 3.12. For u, ' probability measures on R, we set

D(u, i) = ( / N \ [ et @ 2 dj) .

It is easy to check that D defines a distance on P(R) (taking eventually the
value 400, for instance on measure with Dirac masses). Moreover, we have the
following property

Property 3.13. Let f € L'(dz) such that f belongs to L'(dt), and set I fllij2 =
. 1/2
(ytifuf2ar) .

e Assume also f continuous. Then for any probability measures p, i’
[ 1@t = 1@ < 2051320004

o Assume moreover f, f' € L?. Then
112 < 200 f 122 + 1 lz2) - (27)

Proof. For the first point we just use inverse Fourier transform and Fubini to
write that

| / f@d( - 1)@ = | / foi gt

2 / P21 f 62 g dt < 2D )| e
0

IN

where we finally used Cauchy-Schwarz inequality. For the second point, we
observe that

o) R 1 . .
1180 = [ i< 5 [ 1Pac [ 1ehpan = 3051+ 17052

from which the result follows. o
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We are going to show that jiy = % 25\7:1 0, satisfies concentration inequal-
ities for the D-distance. However, the distance between finy and uj! is infinite
as fiy has atoms. Hence, we are going to regularize iy so that it has finite
energy, following an idea of Maurel-Segala and Maida [75]. First define A by
M = A and \; = \;_; + max {on, i — Ai—1} where on will be chosen to be
like N=P. Remark that \; — \;_; > on whereas |\ — 5\1\ < Noy. Define
N =Ey [% > 6;\Z_ +UJ where U; are independent and equi-distributed random
variables uniformly distributed on [0, N™9] (i.e. we smooth the measure by
putting little rectangles instead of Dirac masses and make sure that the eigen-
values are at least distance N ™" apart). For further use, observe that we have
uniformly |\; + U; — X\;| < N17P + N9, In the sequel we will take ¢ = p+ 1 so
that the first error term dominates. Then we claim that

Lemma 3.14. Assume V is C'. For 3 < p+1 < q there exists Cp , finite and
¢ > 0 such that

Pff’V (D(ﬂNM/L??) > t) < ecp,quth_5N2t2 n e—CN

Remark 3.15. Using that the logarithm is a Coulomb interaction, Serfaty et al
could improve the above bounds to get the exact exponent in the term in NIn N,
as well as the term in N. This allows to prove central limit theorems under
weaker conditions. Qur approach seems however more robust and extends to
more general interactions [19].

Corollary 3.16. Assume V is C'. For all ¢ > 2 there exists C finite and

¢, co > 0 such that
> 1) <e N

[ = i - )| < O mNlele: (29

[t - u2)

1
P ( sup
(w N=a+2||g||L + coN~1/2VIn Nl|g|| 4

Moreover

\so(ﬂlc)*w‘(y)\
-y
leller =3 per 199 |oo- Note that we can modify ¢ outside a large set [—M.M]
up to modify the constant c.

with probability greater than 1 — e~*N. Here |l¢|L = sup,, and

Proof. We take ¢ = p+ 1. The triangle inequality yields :

[ eatin =l = | [etin =i+ [ oa Gy -

IN

+1 [ o0y = mH

ol N =2 4 2]l D (i, 15)

1 Y .
¥ 2 Eule(h) — (X + U)]
=1

IN
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where we noticed that |[A; — 5\Z| is bounded by N=?*! and U by N~? and used
Cauchy-Schwartz inequality. We finally use to see that on {|\;| < M} we
have by the previous lemma that for all ¢

‘/«pd (v — p3)

< NPl + tel

with probability greater than 1—eCr.aN I8 N=3N** YWe next choose t = cgy/In N/N

with ¢ = 4|Cp4|/8 so that this probability is greater than 1 — e=ch/2NInN

Theorem [3.11] completes the proof of the first point since it shows that the

probability that one eigenvalue is greater than M decays exponentially fast.
We next consider

En(@) = [ HI= @ — g - i)

on {max|\;| < M}. Hence we can replace ¢ by ¢xar where xas is a smooth
function, equal to one on [—M, M] and vanishing outside [-M —1, M +1]. Hence
assume that ¢ is compactly supported. If we denote by Ly(¢) the quantity
defined as Ly (¢) but with fiy instead of 4 we have that

|Ex(6) — Lv(9)] < 2016 o N0+

We can now replace ¢ by its Fourier representation to find that

En(o) = [ anitote) | do [ ety = i) [0~ ).

We can then use Cauchy-Schwartz inequality to deduce that

L@ < [ ditdte) / dal [ e aljux i) o)
1
= [amdwr [ 521 [ emeain - i@
< / At D) D(fin 122
< CD(fin, p)?(|¢llc2 (29)

where we noticed that

/dﬂtq@(t)' < </dtlt¢3(t)l2(1+t2)>1/2 (/dt(1+t2)1>1/2

< CI6Pz2 + 1¢'ll2) < Cllg =

as we compactified ¢. The conclusion follows from Theorem [3.11} o
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We next prove Lemma [3.14] We first show that :
Z5V > exp (=N?BE(uy!) + CNInN)

The proof is exactly as in the proof of the large deviation lower bound of The-
orem [3.4] except we take = pit and V is C', so that

1 . 1l . ol
NZ (xi+Ui)_Ni:ZI (zi) + <N)'

i=1
This allows to improve the lower bound into
zy" 3V A, ) < 0)

>
> exp{—BN?E(uy!) + CNIn N} (30)

Now consider the unnormalized density of Q%V = Zﬁ,’vaf’V on the set
where |\;| < M for all ¢

dox" () _ g
16\;7)\ - g|)\i—)\j| exp(—NﬁZV(Ai))

[

1<J

IN

Ai — A ’ﬁ exp (—Nﬂ > V(;\i))

because the A only increased the differences. Observe that for |\;| < M,

V(N) =V +U)| < sup  [V/(2)|(NVP + N79).
|z|<M+1

Moreover for each j > i

S\i—&—ui—;\j—uj +O(N_q+p).

In

S\i—j\j‘ =EIn

Hence, we deduce that on |\;| < M for all i, there exists a finite constant C
such that

aryV
d\

As we chose ¢ = p+ 1, p > 2, the error is at most of order N In N. We now
use the fact that

E(in) — E(U2) = D, w2 + / (Vo) @)d(jiy — 159)(2)

where the last term is non-negative, and Theorem to conclude

<exp (=N?B(E(fin) — E(WSY)) + CNIn N + CN?79tP 4 CN?7P)

N
PYY ({D(fin, 12 > t} 0 {max [\| < M}) < NI N=pN?e? ( / e-NBVeff@)dx)
where the last integral is bounded by a constant as V.g is non-negative and goes

to infinity at infinity faster than logarithmically. We finally remove the cutoff
by M thanks to Theorem
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3.3 The Dyson-Schwinger equations
3.3.1 Goal and strategy
We want to show that for sufficiently smooth functions f that

) 1 « 1 1
B | S 700] =300+ 32 genls) +ol )

o > f(N) —E[D f(N\i)] converges to a centered Gaussian.

We will provide two approaches, one which deals with general functions and
a second one, closer to what we will do for discrete 8 ensembles, where we will
restrict ourselves to Stieltjes transform f(z) = (2 — )71 for z € C\R, which
in fact gives these results for all analytic function f by Cauchy formula. The
present approach allows to consider sufficiently smooth functions but we will
not try to get the optimal smoothness. We will as well restrict ourselves to
K = 2, but the strategy is similar to get higher order expansion. The strategy
is similar to the case of the GUE :

e We derive a set of equations, the Dyson-Schwinger equations, for our ob-
servables (the correlation functions, that are moments of the empirical
measure, or the moments of Stieltjes transform) : it is an infinite system
of equations, a priori not closed. However, it will turn out that asymptot-
ically it can be closed.

e We linearize the equations around the limit. It takes the form of a lin-
earized operator acting on our observables being equal to observables of
smaller magnitudes. Inverting this linear operator is then the key to im-
prove the concentration bounds, starting from the already known concen-
tration bounds of Corollary

e Using optimal bounds on our observables and the inversion of the master
operator, we recursively obtain their large N expansion.

e As a consequence, we derive the central limit theorem.

3.3.2 Dyson-Schwinger Equation

Hereafter we set My = N(iiy — pv). We let Z be defined on the set of C} (R)
functions by

=1 = V@) - [T W),

= will be called the master operator. The Dyson-Schwinger equations are given
in the following lemma.
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Lemma 3.17. Let f; : R — R be Cg functions, 0 <1 < K. Then,

1 1

K
E[MN(EfO)HNl)N(fi)} = (E_i)E[ﬂN(fé) i (fi)]

o e
2
=

K
+ Z lan (fofe) HNNN fi)]
i#£L

e:
e WdMNm)dMN(y)i[[lNﬂN(fiﬂ

Proof. This lemma is a direct consequence of integration by parts which implies
that for all j

K K
SO [T Nan(£)] = BE | fo(N) NV/()‘j)_Z/\,,Ak HNﬂN(fi)

i=1 k#j

K
= ElfoM)Fi) [ N ()]
=1

il

Summing over j € {1,..., N} and dividing by N yields

(o) = 5 [ [ 220 0y )f[NuNfz)]

K K
= (0 Dymian (53) ] N (0] + 3 Bl o £ [ N ()
i=1 =1 i#l

BNE

where we used that (z —y)~1(f(x) — f(y)) goes to f'(x) when y goes to x. We
first take f; = 1 for ¢ € {1,..., K} and fy with compact support and deduce
that as iy goes to py almost surely as N goes to infinity, we have

o) - 5 [ 2D g @y ) 0. (31)

This implies that py has compact support and hence the formula is valid for all
fo. We then linearize around py to get the announced lemma. o

The central point is therefore to invert the master operator =. We follow
a lemma from [6]. For a function h : R — R, we recall that ||Allcir) =
Zi:o | () | Lo (r), Where h(") denotes the r-th derivative of h.
Lemma 3.18. Gwen V : R — R, assume that p3' has support given by [a,b]
and that p
T (@) = S(a) /@ —a)b—x)
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with S(x) > €> 0 a.e. on [a,b.
Let g : R=R be a C* function and assume that V is of class CP. Then there
exists a unique constant cq such that the equation

Ef(x) =g(x) +cq
has a solution of class C*=2NP=3) " More precisely, for j < (k—2) A (p — 3)
there is a finite constant C; such that

I fllci®y < Cjllgllcitemys (32)

where, for a function h, ||hllciw) = i:o Hh(T)HLOC(R).
This solution will be denoted by Z~'g. It is C* if g is C**2 and p > k + 1.
It decreases at infinity like |V’ (x)x| 7.

Remark 3.19. The inverse of the operator = can be computed, see [6]. For
x € [a,b] we have that 2 'g(x) equals

Az —a)(b—x)S(x) -

. </a \/(y—a)(b—y)wdy—ﬂ(w—w>(9(%)+cg)+02>,

where ¢q and cy are chosen so that =~1g converges to finite constants at a and
b. We find that for x € S

Sy - L ’ 1
1) = G5tV A sy

1 b 1
= 350 /. 60 — o) TESNEDI T

and outside of S f is given by (see Remark .

fw) = (wx) - [e- y)ldu;‘*@))l [ .

Remark 3.20. Observe that by Remark the density of py! has to vanish
at the boundary like |z — a|‘1/2 for some q € N. Hence the only case when we
can invert this operator is when q = 1. Moreover, by the same remark,

S(x)/(z—a)(b—x)=/V'(x)2 — f(z) = V'(z) — PV/(x —y) tdui (y)

so that S extends to the whole real line. Assuming that S is positive in [a,b]
we see that it is positive in a open neighborhood of [a,b] since it is smooth. We
can assume without loss of generality that it is smooth everywhere by the large
deviation principle for the support.

We will therefore assume hereafter that

35



Assumption 3.21. V : R — R is of class CP and p3' has support given by
[a,b] and that

du B
(@) = 8@)V/(z —a)(b—2)

with S(x) > &> 0 a.e. on [a,b]. Moreover, we assume that (|V'(z)z| + 1)~ is
integrable.

The first condition is necessary to invert Z on all test functions (in critical
cases, = is may not be surjective). The second implies that for 2~ f decays
fast enough at infinity so that it belongs to L' (for f smooth enough) so that
we can use the Fourier inversion theorem.

We then deduce from Lemma [3.17] the following :

Corollary 3.22. Assume that|3.21) with p > 4. Take fo C*, k>3 and f; C".
Let g = 271 fy be the C*=2 function such that there exists a constant cg such
that =fo = g+ c4. Then

K 1 1 K
BT M (] = (5 - Bl (& 7o) [T M (7]

21—0K i=1
+B Elin(E™" fofy) HMN(fl)]

=1 il
=—1 €T —Eil -
+%]E[/ = Jol ;_y fO(y)dMN(x)dMN(y)HMN(fi)]
i=1

3.3.3 Improving concentration inequalities

We are now ready to improve the concentration estimates we obtained in the
previous section. We could do that by using the Dyson-Schwinger equations
(this is what we will do in the discrete case) but in fact there is a quicker way
to proceed by infinitesimal change of variables in the continuous case :

Lemma 3.23. Take g € C* and assume p > 4. Then there exists universal
finite constants Cy and ¢ > 0 such that for all M > 0

PRV (N1 [ @) = i) 2 Cullglor i + 1N ) < eV 4 N

Proof. Take f compactly supported on a compact set K. Making the change of
variable \; = A, + %f()\;), we see that ZI%V equals

J T2 5 0= T[e ¥V O 20D 1 L O)ars (39

Observe that by Taylor’s expansion there are §;; € [0,1] such that

TT %= 2+ (00 = FODT =TT~ Alexnd 5 2 Jw
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L L ()= FO0N
N2 £<7Y Ai — A
1<]
where the last term is bounded by || f/||2,. Similarly there exists 6; € [0, 1] such
that

VO + 3 FO0) = VOO + 3OOV ) + 3702V O+ 37 0)

where the last term is bounded for N large enough by Ck (V)| f]|2, with Cx =
SUPg(,k)<1 |V ()]. We deduce by expanding the right hand side of that

/ex{ Zf : _/\)‘J BZV APV < PORIIIZA+BI I+ oo

Using Chebychev inequality we deduce that if f is C' and compactly supported

8,V f . —-M _C(f

(34)
with C(f) = Ck || fIl5 + (B+ (1 + ||f’Hoo)2~ But

DI o R B!

= NG - W)(ED) + N//f D=0 g — iy - i)

where if f is O2 the last term is bounded by C|/f|lc2=In N with probability
greater than 1 — e °N by Corollary Hence, we deduce from that

P

(N —,U)(Ef)| > MlnN) < NCIFlloz=M ClIfliga 4 g=eN

and inverting f by putting ¢ = Zf concludes the proof for f with compact
support. Again using Theorem allows to extend the result for f with full
support. <o

Exercise 3.24. Concentration estimates could as well be improved by using
Dyson-Schwinger equations. However, using the Dyson-Schwinger equations
necessitates to loose in reqularity at each time, since it requires to invert the
master operator. Hence, it requires stronger reqularity conditions. Prove that
if Assumption holds with p > 12, for any f be C* with k > 11. Then for
{=1,2, there exists Cy such that

BN (i — 159 (D)] < Cell fllgasae | Fll 7> (I N)F

Hint :  Use the DS equations, concentration, invert the master operator and
bootstrap if you do not get the best estimates at once.
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Theorem 3.25. Suppose that Assumption holds with p > 10. Let f be C*
with k > 9. Then

AIETT

DN =

my (f) = lim E[N(iy — py')(f)] = (

N—oc0

=

Let fo, fi be C* with k> 9 and p > 12. Then

Cyfo. fi) = Jim B (fo)M(1)] = mv (Go)my () + 3 (HE fo).

Remark 3.26. Notice that as C is symmetric, we can deduce that for any fo, f1
in C* with k > 9,

P (FET o) = i (eEHA) -
Proof. To prove the first convergence observe that

1 1

E[Mn(fo)] = (B_i)EmN((E_lfoy)] (35)
+%E[/ E_lfO(mi_j_lfO(y)dMN(x)dMN(y)].

—_——_

The first term converges to the desired limit as soon as (2~1f;) is continuous.
For the second term we can use the previous Lemma and the basic concentration
estimate [3.10] to show that it is neglectable. The arguments are very similar to
those used in the proof of Corollary [3.16] but we detail them for the last time.
First, not that if yp; is the indicator function that all eigenvalues are bounded
by M, we have by Theorem that

=—1 f _=-1
Z  folx) == foly —_ _
i - xan) [ EEZE R as pinte )] < 127 llor e
We therefore concentrate on the other term, up to modify =1 f; outside [~ M, M]
so that it decays to zero as fast as wished and is as smooth as the original func-
tion (it is enough to multiply it by a smooth cutoff function). In particular we
may assume it belongs to L? and write its decomposition in terms of Fourier

transform. With some abuse of notations, we still denote (27! f;), the Fourier
transform of this eventually modified function. Then, we have

o [ D=0 ary yant )

< / HE1Fo),| /0 Elxar| My (") ] dadt

To bound the right hand side under the weakest possible hypothesis over fy,
observe that by Corollary [3.16] applied on only one of the My we have

Elxar | My (e'*")[] < CVN In NItE[| My (e'*")[] + N2e™N (36)
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where again we used that even though e!®* has infinite 1/2 norm, we can modify
this function outside [—M, M] into a function with 1/2 norm of order [¢t|. We
next use Lemma to estimate the first term in (with |le?®*||ca of order
|at|* + 1) and deduce that :

b [ = ol - j‘lfo(y) AMy (2)dMx (3)]

< O NN / [H(E o), [t[°dt
< C(InN)P*2VN|E foller
< C(InN)¥>VN||fol|co

Hence, we deduce that

il [ SRR iy arty )l < 000 NPVR ol

goes to zero if fo is C°. This proves the first claim. Similarly, for the covariance,
we use Corollary with p = 1 to find that for fy, f1C*,

Cn(fo, f1) = E[N(@EY = 15M))(fo) My (f1)]

1 1 1
= (B - 5)#?((Eflfo)l)E[MN(f1)} + Bﬂi/q(aflfoﬂ)
+(5 ~ Bl — i) (E o)) M)
4Bl = i) E o) (37)
1 216 (x) — =71
s Bl [ L= ngyayany ) an (1)
The first line converges towards the desired limit. The second goes to zero as

=—1

soon as (E71fy) is Cland f; is C*, as well as the third line. Finally, we can
bound the last term by using twice Lemma[3.23] Cauchy-Schwartz and the basic
concentration estimate once

|IE[/ E—lfo(xi - i—lfo(y) dMy (z)dMy () My (f1)]]

< C(NY*VN / At E o), | e 1
< CN)2VN|E" follor |l il
which once plugged into yields the result. o

3.3.4 Central limit theorem

Theorem 3.27. Suppose that Assumption holds with p > 10. Let f be
C* with k > 9. Then My(f) := Zfil J(N) = Nug(f) converges in law under
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PéVV towards a Gaussian variable with mean my (f) and covariance o(f) =
6(17 I=—1
Hy (f'271f) -

Observe that we have weaker assumptions on f than in Lemma This
is because when we use the Dyson-Schwinger equations, we have to invert the
operator = several times, hence requiring more and more smoothness of the test
function f. Using the change of variable formula instead allows to invert it only
once, hence lowering our requirements on the test function.

Proof. We can take f compactly supported by Theorem We come back
to the proof of Lemma [3:23] but go one step further in Taylor expansion to see
that the function

B FO) = FO) fAj 2 v
R S (I

“an LV IO+ I

In / eAN(f)dPﬁ,’V

where the constant C' may depend on the support of f. For any § > 0, with
probability greater than 1 —e~C@®N" for some C(§) > 0, the empirical measure

AN is at Vasershtein distance smaller than § from py. On this set, for f Ct

WZ( o IO)) L LSV 00N = ¢ + 0

satisfies )
< NI

ctn) =3 [ (2= iz + [vi@sarase

r—y

whereas

1 N
N0 = M@)oy, it M) = [ fla)d
=1

As An(f) is at most of order N, we deduce by letting N and then ¢ going to
zero that

2x(h) =5 3 T s o

satisfies for any f C*

lim [ e#¥NgplV = c(B-DM(N+5C()

N—o0
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In the line above we took into account that we added a diagonal term to Zn(f)
which contributed to the mean. We can now replace f by tf for real numbers
f and conclude that Zy(f) converges in law towards a Gaussian variable with
mean (g — 1)M(f) and covariance SC(f). On the other hand we can rewrite

Zn(f) as
ZNn(f) = BMN(ESf) +en(f)

where
= B [0 I0D g sy — it

Now, we can use Lemma to bound the probability that ey (f) is greater
than some small §. We again use the Fourier transform to write :

_ BN N e
/ tht / - :uv )(17a)t(ruN - /u’Vq)atdt'

We can bound the L' norm of ey(f) by Cauchy-Schwartz inequality by
Eflen (f L/Hﬁ{/ =) PTPELN G — 150 o 21 2.
Finally, Lemma implies that
N In N _
B0V — 58) 1y < Ol + N €

from which we deduce that there exists a finite constant C'

In N2

Ellen(f <C/uumm

Thus, the convergence in law of Zy(f) implies the convergence in law of
My(Ef) towards a Gaussian variable with covariance C(f) and mean (§ —
LYM(f). If fis C” we can invert Z and conclude that My(f) converges

B
towards a Gaussian variable with mean m(f) = (5 — %)M(E_l(f)) and co-

variance C(Z71(f)). To identify the covariance, it is enough to show that
C(f) = i/ ((Ef) f). But on the support of (!

&) (2) =V"f(@)+ PV / Wduevq ()

from which the result follows.

3.4 Expansion of the partition function
Theorem 3.28. 1. For f C'" and V C?°,

Epy, (D] = 120 + mv (D) + g Kv () +ol555),
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with my (f) as in Theorem[3.25 and

Ky(f) = (%—%)mv( (2 £5)) /ztdt/” TF(t / daCV(eita.7eit(1—a).).

2. Assume V C?°, then

InZy = CgNInN + CiInN + N?Fy(V) + NFy (V) + Fo(V) + o(1)

with O = &, O} = BBLZE2I8 4
F(V) = —&my)
d e
B) = ~(5-1) [m WY i+ 1 (38)

Fy(V)

1
—ﬁ/ KV& (V — Vo)da + f2
0

where fi1, f2 only depends on b — a, the width of the support of pui

Proof. The first order estimate comes from Theorem [3.25] To get the next term,
we notice that if Z~! f belongs to L' we can use the Fourier transform of 71 f
(which goes to infinity to zero faster than (|t| +1)72 as 271 f is C°) so that

g1 [ SO =E 00 v, yansy o)

/ dtit==1 f(t) / daE[Mpy (e ) My (et 1=))]
0
1

/dtZtE/_-W(t) daCV(eitQ.’eit(lfa).)

0

R

We can therefore use to conclude that

wamun—mu»::<1—1ww«r*ﬂ

/dm/ “Lf(t) /daOV o git(1=al)

which proves the first claim. We used that f is C12 so that (271 f)" is C? and
Theorem [3.25]for the convergence of the first term. For the second we notice that
the covariance is uniformly bounded by C(|t|*2 + 1), so we can apply monotone
convergence theorem when fdt|E/*1\f(t)\|t|13 is finite, so f C16+.

To prove the second point, the idea is to proceed by interpolation from a
case where the partition function can be explicitly computed, that is where
V is quadratic. We interpolate V with a potential Vo(z) = c(x — d)?/4 so
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that the limiting equilibrium measure i 4, which is a semi-circle law shifted
by d and enlarged by a factor /c, has support [a,b] (so d = (a + b)/2 and
¢ = (b —a)?/16). The advantage of keeping the same support is that the
potential V,, = oV + (1 — a)Vp has equilibrium measure po = api! + (1 — ) peq
since it satisfies the characterization of Lemma We then write

N 1

In jzv = / Oa ané\{Vada
B;Vo 0

1
AN [ Epy, 1V = V)l

It is not hard to see that if uj! satisfy hypotheses so does p, and that the
previous expansion can be shown to be uniform in «. Hence, we obtain the
expansion from the first point if V is C2° with

1

Fo(V) = *ﬂ/o ,LLVa(V*VO)dOé#*fO
1

(V) = -8 / my, (V — Vo)da + fi
1

B(V) = -8 / K. (V — Vo)do + fa

where fy, f1, fo are the coefficients in the expansion of Selberg integrals given
in [76] :

Zg g= NgN73+B/122+2/B 6N2f0+Nf1+f0+0(1)
0,

with fo, f1, fo only depending on b — a :

fo = BR-3+m ()]
o= @82 (PT%) 172 B4+ (8/2)n(8/2) + In(2m) ~ T (L + B/2)
fr= X028, + 200

The first formula of Theorem [3.2§]is clear from the large deviation principle and
the last is just what we proved in the first point. Let us show that the first order
correction is given in terms of the relative entropy as stated in . Indeed, by
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integration by part and Remark we have
1 1. eq /=
B_i) 'my (f) = uy (2 r)]
dpgd
=1 RY
— | = —)d
[y
eq

_ du
- _ = 1 1 Vv /d eq
/ f(In dr ) Hy

1 AUV
- [ =

(

To complete our proof, we will first prove that if g is C'° |

lim s~ (uyt = ') (9) = uy (g f) (39)

s—0

which implies the key estimate

1 1. o dpgt dpust
(B - 5) tmy (f) = —/f/: '(n Txv)dll?/q = Otpv 415 (In d; M=o (40)
To prove (39)), we first show that my (f) = [ f(x)duy (2) is continuous in V in
the sense that

D(pv,pw) < VIV =Wl - (41)

Indeed, by Lemma applied to p = pw and since [ Vegd(puw — py) > 0, we
have

D(pw,pmv)? < E(pw) — E(uy)
< inf{/ Wi+ 350} —inf{/ Vi + 550}
< W=Vl

As a consequence (uy' ., — py')(g) goes to zero like /s for g Lipschitz and f
bounded. We can in fact get a more accurate estimate by using the limiting
Dyson-Schwinger equation to pyt f and p( and take their difference to
get :

(s = m)Eve) =suyt . 4(9f") (42)
+ ;/Wd(quf — uy)(@)d(py—sp — 1) (Y) -

The last term is at most of order s if g is C? by (41)) (see a similar argument in
(29)), and so is the first. Hence we deduce from (42)) that (uy' ,; — py')(g) is
of order s if g € C* and f is C°. Plugging back this estimate into the last term
in together with (41)), we get for g € C® and f € CY.
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From , we deduce that

1
Fl(V)—fl = —5/ mva(V—Vb)dOé
0
1 d eq 1 d €q
= G0 [ @) Fyda = (5 =1) [ v (0an
1 d eq
= G0 [ Gl (i

wich yields the result. Above in the second line the last term vanishes as
eq
Nva(l) =1

3.5 The Stieltjes transforms approach

Another common approach is to study the fluctuations of the Stieltjes transform,
namely moments of :

Y. = N(Gn(2) —E[Gn(2)]) = B ,1,\1. —E [Z z 1)\2-]

i=1

1=

for z € C\R. This requires that V is real analytic in order to get closed equations
for correlators of this functional. Namely, we will assume that

Assumption 3.29. -V is real analytic,
-pyt has a connected support [a, b],
Ve is strictly positive outside the support of py.

Hereafter we will therefore assume that V' is analytic in an open neighbor-
hood R of the real line. All our contours and complex numbers will be taken in
this neighborhood.

First notice that by integration by parts we have the so-called loop equations

Lemma 3.30. Let Gn(z) = & > Z_l)\i and G(z) = [ A—du}(z) for z € C\R

B[ (go-ox -1+ 5]+ Sower - £ f M) 1;[1/}
=5[> 00, DOy, (43)
j=1 J 0]

Proof. We start with

N B,V k
1 dp?
dAS "oy N Y. | =0
/ Zl M TN dh i

Jj=1
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(This follows by integration by parts formula fix;o 0, f(x)dx = 0 for functions
f vanishing at infinity) On the other hand, if we expand out this derivative we
have :

N

1 1
/dPJBVyV{Z@—AZ—)”z—Ai BZA—A ~ANVIN)

i=1 Ve

1
22 NG —A?y;}IInk_O
Jj ot J

We now use the fact that V' is real analytic so that Cauchy formula implies
that

) L Ve
L e D L

where the contour encircles the A;’s. We have seen in theorem that when
Vg is positive outside the support of puj?, for any € > 0, there exists c(e) > 0
so that

Pﬁ[’v (Fi:hi€la—eb+e°) <e N,

This entitles us to change the probability measure to have support in [a—¢, b+¢]
up to exponentially small errors everywhere. We then can simply take a contour
around [a — &,b + €]. o

3.5.1 Analysis of the Dyson-Schwinger equation : heuristics
We know by Lemma that G converges to G and hence yields with
p = 0 that

L V')

omi | 2 — 13
We next guess the corrections to this limit.

%G(z)2 - G(&)d¢=0. (44)

e First order correction. Setting AGy = Gy — G, yields with p =0
that

E[;](’JZGN(z) {_1 n ﬂ + K[AGN](2) + g(AGN(z)f] —0  (45)

where
K(:) = 861 G) - o L pegae.

By Lemma we know that E[(AGy(2))?] is smaller than (In N)/N.
Assume that K is invertible with bounded inverse. Then, we deduce
from that E[AGy] is at most of order In N/N. If we can prove that
E[(AGN(2))?] is o(N~1), then we deduce from that

B

Jim NE[AGN(2)] = (1 - D)K'0.G)(z) = Ga(2).  (46)
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e Limiting covariance. To get the limiting covariance, let us take p = 1. Let
¢(z,2") = E[Y.Y,/]. The Dyson-Schwinger equation then reads

K(e(20)(:) = D RGN ()Y (47)
- nomlGr(Y] - 0.8 EEL O,

The concentration estimates imply that E[(AGx(2))?Y./] = O((In N)3/2/v/N)
and E[Gn(2)Y.] is of order In NV, hence if K is reversible, we deduce that

c is of order O((In N)3/24/N). As we have shown in the previous point
that E[AG ] is at most of order In N/N, we deduce that E[|AG y(2)|?] is

at most of order O((In N/N)?/?) which completes the proof of (46).

To improve our estimate on E[(AGN(2))?Y./] we next use the concen-
tration estimates on Y, and our new bound on the covariance to obtain
a bound of order (InN/N)3/? x /NInN = (InN)?/N. This allows to
improve our estimate thanks to and a bound on ¢ of order (In N)2.
Proceeding once more, we deduce that the last term in is neglectable.
Note also that E[Gn(2)Y./] = E[(GNn(z) — G(2))Y,/] goes also to zero. As
this is an analytic function, its derivative goes as well to zero. Then, we
deduce from that

G() = G()

.=z

lim E[NGn(2)Ys] = —K 0.
N—o0

e Second order correction. Going back to with p = 0 we have

KEIN(NAGN—G)](2) = S (BIYZHEINAGN (2))~(5 ~1)2.EINAG ()]

and we can go to the limit NV — oo to deduce

lim K[E[N(NAGx—G1)]](z) = fg(W(z, 2)+G1(2)?) —(%—1)6201(2)

N —oc0

so that taking the inverse of K yields the desired limit :

i

W)L

Jim E[N(NAGy—G1)|(z) = K~ (- 5~ 10:G1)(2).

The above heuristics can be made rigorous provided we invert the operator
K (and show its inverse is continuous to neglect error terms after we inverted
it). This is what we do next.

3.5.2 Inverting the master operator

Observe that we want to apply K to functions which are differences of Stieltjes
transforms of probability measures and therefore going to infinity like 1/22. We
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therefore search for f with such a decay satisfying g(z) = K f(2) for a given g.
As a consequence g goes to infinity like 1/z at best. We can rewrite

VI(§) - V'(2)
i (€.

We make the following crucial assumption of off-criticality :

Assumption 3.31. There exists a real analytic function S which does not van-
ish on a complex neighborhood of [a — e,b+ €| so that

dust
daz/ = S(z)v/(x —a)(b—1z).

This implies that

G(z) = V'(z) =7/ (2 —a)(z — b)S(z)

with S real analytic and not vanishing on [a —e,b+¢]. Indeed7 implies that
G(2)? =2V'(2)G(2) + Q(2) =

with Q(z) =2 ¢ W;/;()G(f)dﬁ . Solving this equation yields

G(2) =V'(2) = VV'(2)* = Q(2) (48)

Remember that G(z) is analytic outside of the support of l‘v where its imagi-
nary part jumps by wduy/dz. As V' is analytic, and V'(2)? — Q(z) is analytic,
we see that the discontinuity of G can only come from the square root term in
when it is complex, that is when V'(2)? — Q(z) is negative on the real line.
Hence, this square root becomes as z goes to the real line the density of ui.
The conclusion follows.

This behaviour is essentlal to invert K, 1n the spirit of Tricomi airfoil equa-

tion. Indeed, we write with o(z) = /(2 — a)(z — b), for g = K f, that is
9(2) = —mBS(2)0(2)f(2) — BQy(2)

with Qs (2) = 26 ijzvg(” (€)de.

oG = —gr P o@n(Es
= 5 e O - Qe
1 1 1

= T om z—fﬂT(f)g(g)dg

where in the first line we took a contour around z and used Cauchy formula, in
the second line we passed the contour around [a,b] and used the definition of
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K f = g, using that the residue at infinity vanishes because o(z)f(z) goes like
1/z, and in the last line we used that Q;/S is analytic. Hence, we deduce that

SRV B O S S U
K™0(:) =~ g (e

where the contour surrounds [a — &, b + £]. We note that away from [a, b], K
is bounded. Also it maps holomorphic to holomorphic functions so that bounds
on functions translate into bounds on its derivatives up to take slightly smaller
imaginary part of the argument, thus giving continuity of the inverse.

-1

3.5.3 Central limit theorem
To prove the central limit theorem we show by induction over p that

P

lim E[HY |= ZW(Zl,Zz’) ]\;EHOOE[H Y.

1=1 1=2 i

We already showed that this is true for p = 1,2 and assume we have proved it

for p < K. This in particular imply that E[|YZ|L§Q] is bounded uniformly in
N for z away from the real axis (since we can take half of the z; = z and the
other half to be its conjugate). We then use the Dyson-Schwinger equation with
p = K in order to obtain the result for K + 1 :

fowon oo ] o [0 v

A5
(49)

where

en(z) = —E[ (5zGN(Z) {—1 + g] + Bf(GN( ) H sz} :

We then use that by concentration inequality Lemma and the induction

bound n N )
n
< InN —NInN
|‘€N( )| (\/7 n ) (JZ)2H|SZ]€|6

where n = 1 if p is odd and 0 if p even. Indeed, we know by the induction bound
that E[[[/_, |Yz,|] is of order one if p is even, but of order v/N In N if p is odd.
Let us con51der the case p odd which is slightly more complicated. Plugging
back this estimate and inverting K yields that |E[N(Gn(z) — G(2)) [Th—; Yzl
is at most of order In Nv/N. Because we have already seen that E[N(Gy(z) —
G(z))] is bounded, we deduce that E[H Zk] is at most of order In Nv/N and
therefore we improve the previous bound (note p—+1is even) to

(In N)3/2

en(2)] = 05 ()2 NV = o( B
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which in turns yields a better bound on ]E[Hii} Y.,] of order (In N)3/2. Boot-

strapping this new bound once more shows that
1 (lnN
N N
which now implies with the Dyson Schwinger equation and (to take into

account that we recenter with respect to the expectation instead of the limit)
that

(In N)?

)1/2 11’1N3/2) = O(W)

len(2)] = O(

e[ =3 o, €= sl TTve ] o)

25
J t£j

which provides the desired estimate.

4 Discrete Beta-ensembles

We will consider discrete ensembles which are given by a parameter # and a
weight function w :

Py (0) = —= [ Zo(t; — ) [ w (6. N)

1
0,w
ZN i<j i

where for £ > 0 we have set

I'(z+ 1)I(z + 0)
T(z)[(z+1—0)

Ig(l‘) =

where T' is the usual I-function, I'(n + 1) = nI'(n). The coordinates £1,...,{y
are discrete and belong to the set Wy such that

£i+1_£i€{979+17--~}

and ¢; € (a(N),b(N)) with w(a(N),N) = w(b(N),N) = 0 and ¢; — a(N) €
N,b(N) — Iy €N

Example 4.1. When 0 = 1 this probability measure arises in the setting of
lozenge tilings of the hexagon. More specifically, if one looks at a “slice” of the
hexagon with sides of size A, B,C, then the number of lozenges of a particu-
lar orientation is exactly N and the locations of these lozenges are distributed
according the PI{,"”. Along the vertical line at distance t of the vertical side of
size A (see Figure @), the distribution of horizontal lozenges corresponds to a
potential of the form

wl,N)=|(A+B+C+1—-t—0)i—p{)i—c|,

where (a)y, is the Pochhammer symbol, (a), = ala+1)---(a+n —1).
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Figure 1: Lozenge tilings of a hexagon

More generally, as © — 400 the interaction term scales like :
Ip(x) =~ \x|20 as T — 0o

so the model for # should be compared to the 8 ensemble model with § <> 26.
Note however that when 6 # 1, the particles configuration do not live on ZN.
These discrete 3-ensembles were studied in [14]. Large deviation estimates can
be generalized to the discrete setting but Dyson-Schwinger equations are not
easy to establish. Indeed, discrete integration by parts does not give closed
equations for our observables this time. A nice generalization was proposed
by Nekrasov that allows an analysis similar to the analysis we developed for
continuous 8 models. It amounts to show that some functions of the observables
are analytic, in fact thanks to the fact that its possible poles cancel due to
discrete integration by parts. We present this approach below.

4.1 Large deviations, law of large numbers

Let iy be the empirical measure :

LN
AN = N;(S&/N

Assumption 4.2. Assume that a(N) = aN + O(In N),b(N) = bN + O(In N)
for some finite a,b and the weight w(x, N) is given for x € (a(N),b(N)) by :
x
w(z, N) = exp (—NVN (N))

where Vi (u) = 20V (u) + x-en(Nu). Vo is continuous on [a,b] and twice con-
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tinuously differentiable in (a, l;) It satisfies

1 1

1 < C(1 =
W@l <CO+ p—g + s

).

en s uniformly bounded on [a(N) + 1,b(N) — 1]/N by Cln N for some finite
constant C' independent of N.

For the sake of simplicity, we define Vj to be constant outside of [d, b] and
continuous at the boundary.

Example 4.3. In the setting of lozenge tilings of the hexagon of Example
we assume that for large N

A=AN+0(1),B=BN +0(1),C =CN +0(1),t =N + O(1)

with 1€> rr}ax{é,é’}. Then a(N) = 0,b(N) = A+ B+C+1—1t obey a = 0,b =
A+ B+ C —t. Moreover, the potential satisfies our hypothesis with

Vow) = ulnu+(A+B+C—t—uw)n(A+B+C—i—u)
—(A+C—uw)n(A+C —u)— (- C+u)ln(i—C +u)

Notice that Vi s infinite at the boundary since w vanishes. However, particles
stay at distance at least 1/N of the boundary and therefore up to an error of
order 1/N, we can approximate Vi by Vj.

Theorem 4.4. If Assumption[/.4 holds, the empirical measure converges almost
surely :

UN — KV,

where py, is the equilibrium measure for Vo. It is the unique minimizer of the
energy

0 = [ (5% + 3¥500) ~ 3 nle 1) duto)iuty)

subject to the constraint that p is a probability measure on [&,13] with density
with respect to Lebesque measure bounded by 0~ 1.

Remark 4.5. We have already seen that £ is a strictly convex good rate function
on the set of probability measures on [a, IA)}, see (13). To see that it achieves its
minimal value at a unique minimizer, it is therefore enough to show that we
are minimizing this function on a closed convex set. But the set of probability
measures on [a, l;] with density bounded by 1/0 is clearly convex. It can be seen
to be closed as it is characterized as the countable intersection of closed sets
given as the set of probability measures on [a, l;} so that

[ f@auto| < 18

for bounded continuous function f on [a,b] so that || f| = [1f(z)]dz < .
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The case where a, b are infinite can also be considered [14]. This result can
be deduced from a large deviation principle similar to the continuous case [39] :

Theorem 4.6. If Assumption holds, the law of N under ng,w satisfies a
large deviation principle in the scale N? with good rate function I which is infi-
nite outside of the set Py of probability measures on [a, I;] absolutely continuous
with respect to the Lebesgue measure and with density bounded by 1/6, and given
on Py by
() = 20(& () — inf&).

Proof. The proofs are very similar to the continuous case, we only sketch the
differences. In this discrete framework, because the particles have spacings
bounded below by 6, we have, for all x < y,

0#{i:4; € N[z,y]} < (y—x)N+6

so that
ly—z| 1

fin () < 55+

In particular, 4V can only deviate towards probability measures in Py. The
proof of the large deviation upper bound is then exactly the same as in the
continuous case. For the lower bound, the proof is similar and boils down
to concentrate the particles very close to the quantiles of the measure towards
which the empirical measure deviates : one just need to find such a configuration
in Wy. We refer the reader to [39].

In particular in the limit we will have :

eq
dpry <1
de — 0

The variational problem defining 7' in this case takes this bound into ac-
count. Noticing that £(uj +tv) > E(uj?) for all v with zero mass, non-negative
outside the support of uj and non-positive in the region where duj = 0~ ldx,
the characterization of the equilibrium measure is that 3Cy s.t. if we define :

Van(z) = Vaw) ~ [ (lo ~ y)di?() - Cv

and Vg satisfies :

dpca
Ver(2) =0 on0< G- <3
Vett(x) >0 onj—’;zo
Vert(2) <0 on%:%

The analysis of the large deviation principle and concentration are the same as
in the continuous 3 ensemble case otherwise. o
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4.2 Concentration of measure

As in the continuous case we consider the pseudo- distance D and the
regularization of the empirical measure jiy given by the convolution of i~ with
a uniform variable on [0, &] (to keep measures with density bounded by 1/6).
We then have as in the continuous case

Lemma 4.7. Assume Vy is C'. There exists C finite such that for allt >0
w ~ n — 242
PR (D(finv, ) > 1) < eON NN

As a consequence, for any N € N, any e > 0
w 1 R t 1 0 N—N2¢2
P (s | [ @ =)o) 2 o+ i ) < e
2:8z>e

z—x T2 2N
Proof. We set Q% (f) = N’GNZZJQ\;WP]%’”(E) and set for a configuration £,
E(l) = E(in),

N
1 ¢; 20 ¢;
E0 =y LW - pLhiy -y
i=1

1<j

o We first show that Q%¥(¢) = e~ N"206(O+OWNInN)  Indeed, Stirling for-
mula shows that InI'(z) = zlnz — z — Inv27z + O(L), which implies

that
-+ 1T — ¢+ 6) 20 O(X,_: 72)
— g _ E’L 1<j éj—lj
FE—K T(l,—;+1-0) g'ﬂ [Te
with 37, ) E) = O(NInN) as ¢; —¢; > 0(j — i). Similarly, by our

assumption on Vy, for all configuration ¢ so that ¢; # a(N) and ¢y #
a(N), we have :

N N
N ; VN(N) =N ; Vo(ﬁ) + O(T) :
Hence we deduce that for any configuration with positive probability :
Q?\}w(f) _ 67N2205(€)+O(N1nN) (50)
o We have the lower bound N_9N2Zf\;‘“ > e—N?20E(nvy)+CNInN T prove

this bound we simply have to choose a configuration matching this lower
bound. We let (¢;)1<i<n be the quantiles of py, so that

v (a0 = 2

94



Then we set
Qi=a(N)+0(i—1)+ [Ng —a(N)— (i —1)f]

Because the density of uy, is bounded by 1/6, ¢;+1 — ¢; > 6 and there-
fore Q;+1 — Q; > 0. Moreover, Q1 — a(N) is an integer. Hence, @ is a
configuration. We have by the previous point that

N79N2Zj0\;w > 6—N2295(Q)+O(N1nN) (51)

We finally can compare £(Q) to E(uy,). Indeed, by definition Q; €
[Ngi,N¢; + 1] and Q; — Q; > (i — j), so that

Zln|@\ > Z ln|%|+O(NlnN)

1<j i+[2]<j
1
> Z 1n|qj—qi—N|+O(N1nN)
i+[2]<j
= ) Inlg—qg/+O(NhN)
i+[3]<j
qi+1
> N Y / / In fz — yldpavs (2)dpvy () + O(N In N)
H—[ 1<j 95—
> N° / In Jz — yldpuvy (2)dpavs (4) + O(N In N)
<y

where we used that the logarithm is monotone and the density of uy,
uniformly bounded by 1/6.

Moreover

(59 - [ @i o >|<02/ (1 g g -

is bounded by C’/N.

We conclude that 0N
n
€(Q) < &(uw) + O(—)

so that we deduce the announced bound from .

We then show that Q]g\’,w(f) = ¢~ N*206(in)+O(NInN) - \We start from
and need to show we can replace the empirical measure of i’V by iy and
then add the diagonal term ¢ = j up to an error of order N In N. Indeed,
if u, v are two independent uniform variables on [0, 8], independent of ¢,

Sl - SEml - U5

i#]

%)



:—ZE[IH|UZ:[UH+O(Z Ejiéi) :O(NIHN)

7 1<J
whereas
4; Uu In N

N
1 gl %
— E Y 22 I = O/
N Pz(ifw(g) < 67N229D2(ﬂN,uv0)+O(N1nN)'

We can now write
E(ian) = E(pvy) + / Verr(@)d(fin — pvy)(x) + D*(fin s vy

D? is indeed positive as fiy and py, have the same mass. V. f¢(x) vanishes
on the liquid regions of uy;, is non-negative on the voids where iy — py,
is non-negative, and non positive on the frozen regions where iy — py,
is non-negative since fiy has density bounded by 1/6. Hence we conclude
that

/[A . Vers(@)d(iin — pv,)(x) 2 0.

On the other hand the effective potential is bounded and so our assumption
on a(N) — Na implies

N [ Vsl = ) (@) = OV Ia ).
[a,b]¢

Hence, we can conclude by the previous two points.

4.3 Nekrasov’s equations

The analysis of the central limit theorem is a bit different than for the continuous
B ensemble case. Introduce :

We want to study the fluctuations of {N(Gn(z) — G(z))}. To this end, we
would like an analogue of Dyson-Schwinger equations in this discrete setting.
The candidate given by discrete integration by parts is not suited to asymptotic
analysis as it yields densities which depend on [](1 + (¢; — ¢;)~') which is not
a function of V. In this case the analysis goes by the Nekrasov’s equations
which Nekrasov calls “non-perturbative” Dyson-Schwinger equations. Assume
that we can write :
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Assumption 4.8.
w@,N) _ ¢h()
w(x_ LN) ¢]T/'(x)

where (bﬁ are analytic functions in some subset M of the complex plane which
includes [a(N),b(N)] and independent of N.

Example 4.9. In the example of random lozenge tilings of Example[{.1] we can
take

1 1
qi)}(z):ﬁ(t—O—l—z)(A—FB—FC'—t—z), qﬁ&(z):ﬁz(A—FC—z).

With these defined, Nekrasov’s equation is the following statement.

ﬁ(l+§gl)]

i=1

Theorem 4.10. If Assumption [{.8 holds

Ry () = ¢n(OEpo.w lﬁ (1 - 59@)

i=1

+ ¢]J(r (g)Epz‘f;“’

s analytic in M.

Proof. In fact this can be checked by looking at the poles of the right hand side
and showing that the residues vanish. Noting that there is a residue when £ = /;
or £; — 1 we find that the residue at £ = m is

N
— w 9
—0pn(m) Y Y PR (00, oy limamy big, o UN) II<1_m—€->

J

i Li=m Ve

N
2 : }: w 0
+€¢E(m) P]?f (617"7£7371am_17£7§+17' .. 7£N) H <1 + )

N - m — gj -1
i Li=m—1 E

If m = a(N) + 1 the second term vanish since the configuration space is such
that ¢; > a(N) for all 4, whereas ¢ (a(/N)+ 1) = 0. Hence both term vanish.
The same holds at b(N) and therefore we now consider m € (a(N) 4+ 1,b(N)).
Similarly, a configuration where ¢; = m implies that ¢;_; < m — 6 whereas
l; = m — 1 implies ¢;_1 < m — 1 — 6. However, the first term vanishes when
l;_1 = m — 6. Hence, in both sums we may consider only configurations where
l;_1 < m —1—0. The same holds for £;1; > m + 6. Then notice that if ¢ is
a configuration such that when we shift £; by one we still have a configuration,
our specific choice of weight w and interaction with the function I' imply that

N
w 0
(b]_\/'(’rn)j_)]‘?]7 (617"7m7£i+17"'a€]\7) H(l_ )
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N
0
=L (m)P Uy, . om — 1,051, ... 14—
¢N(m) N (El, ,m 7€L+17 aEN) H( +m_€j_1
J#i
On the other hand a configuration such that when we shift the ith particle by
one we do not get an admissible configuration has residue zero. Hence, we find
that the residue at £ = ¢; and ¢; — 1 vanishes. o

Nekrasov’s equation a priori still contains the analytic function Ry as an
unknown. However, we shall see that it can be asymptotically determined based
on the sole fact that it is analytic, provided the equilibrium measure is off-
critical.

Assumption 4.11. Uniformly in M,
+ o+ z 1 + 4 1
G (2) = 65 () + ot (2) + Ol3rg)

Observe here that (ﬁ may depend on NV and be oscillatory in the sense that
it may depend on the boundary point. For instance, in the case of binomial
weights, ¢%(z) = (A — 2),¢5(z) = z, we see that if M/N goes to m,
¢~ (z) =z and ¢; () =0, but

ot (x)=m—z,¢(2) =M +1—Nm

where the latter may oscillate, even if it is bounded. We will however hide
this default of convergence in the notations. The main point is to assume the
functions in the expansion are bounded uniformly in N and z € M.

Example 4.12. With the example of lozenge tiling, we have
pt)=(F-C+2)(A+B+C—t—2), ¢ (2)=2(A+C—2).
whereas if AD = D — LD,

6t (2) = 2(At — AC + AA + AB + AC — At), ¢ (x) = %x(AA +AC).

To analyze the asymptotics of G, we expand the Nekrasov’s equations
around the equilibrium limit. We set £ = Nz for z € C\R. Since we know by
Lemma that AGy(z) = Gn(z) — G(z) is small (away from [a,b]), we can
expand the Nekrasov’s equation of Lemma to get :

Ry(€) = Ru(2) — 0Q,(2)E [AGN(2)] + % Ey(:)+Tu(x)  (59)
where we have set :
RM(Z> = (b_ (z)e_eG(z) + ¢+(Z)€0G(z)
Quz) = ¢*(z)e*9G(z) _ ¢+(z)60G(z)
— _ 2 92 R 92
Bue) = 6705 0.606) + 67 (060 (G -0) 2,60

+o1 (2)e7 9 4 ¢ (2)e?9) .
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I',, is the reminder term given by which basically is bounded on {Sz >
e} N M by

042 < C(6) (BAGN ()] + - I0EIAGH G +ol )

The a priori concentration inequalities of Lemma[f.7show that T',,(z) = O(In N/N).
We deduce by taking the large N limit that R, is analytic in M and we set

R, =Ry — R,,.
Let us assume for a moment that we have the stronger control on I',

Lemma 4.13. For any € > 0,

E[AGN (2)) + 1-E[AGN ()] = o)

uniformly on M N {|Sz| > e}.

Let us deduce the asymptotics of NE[AGy(z)]. To do that let us assume
we are in a off-critical situation in the sense that

Assumption 4.14.
0Qu(2) = V(2 —a)(b—2)H(z) =: 0(2)H(2)
where H does not vanish in M.

Remark 4.15. Observe that if p is the density of the equilibrium measure,

20m0p(E) _ Ryu(E) + Qu(E —1i0)
R,(E) + Qu(E +i0)

Our assumption implies therefore that p(E) = 0 or 1/6 outside [a,b] and goes to
these values as a square root. There is a unique liquid region, where the density
takes values in (0,1/0), it is exactly [a,b].

We now proceed with similar techniques as in the 8 ensemble case, to take
advantage of equation as we used the Dyson-Schwinger equation before.

Lemma 4.16. If Assumption holds, for any z € M\R,
E[NAGN(2)] = m(2) + o(1) (53)
with m(z) = K~'E,(z) where

1 5’5 11

KO = 5oty fu e O
Remark 4.17. If we compare to the continuous setting, K is the operator of
multiplication by 0Q,(z) whereas in the continuous case it was multiplication
by ﬁ‘;—‘; = G(z2) = V'(2). Choosing ¢t (z) = eV (/2 ¢~ (2) = eV (/2 we see
that Q,(z) = sinh(0G,, — V'(2)/2) is the hyperbolic sinus of the density. Hence,
the discrete and continuous master operators can be compared up to take a sinh.
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Proof. To get the next order correction we look at :

0Qu(2)E (8GN ()] = 3 Eul2) = Rulz) + 1)

We can then rewrite as a contour integral for z € M :

FAEIAGKE)] = 5= P e OEIAGHE] i

5 | B~ Rul©) + T ag
H

where we used that cAGy goes to zero like 1/z to deduce that there is no
residue at infinity so that we can move the contour to a neighborhood of [a, b],
that R,,/H is analytic in a neighborhood of [a, b] to remove its contour integral,
and assumed Lemma [.13] holds to bound the reminder term, as the integral is
bounded independently of N. o

1
QZwygb]f—zH(
141
207 Jian € — 2 H(E)

Remark 4.18. The previous proof shows, without Lemmal[{.13, that E[AG ()]
is at most of order In N/N sin T, is at most of this order by basic concentration
estimates.

We finally prove Lemma To do so, it is enough to bound E[|AG y(2)|?]
by o(1/N) uniformly on M N {|Sz| > €/2} by analyticity. Note that Lemma
already implies that this is of order In N/N. To improve this bound, we get
an equation for the covariance. To get such an equation we replace the weight
w(z, N) by

wy(z, N) = w(z, N) (1 ! /N>

for ¢ very small. This changes the functions ¢ ~ by

V(@) = 03 (@) (' = 2/N +1) ( /N + fv) ,

on'(x) = oy (@) (2 — w/N) <Z’ —z/N+t+ ]1[) .

We can apply the Nekrasov’s equations to this new measure for ¢ small enough
(so that the new weights w; does not vanish for 2/ € M) to deduce that

N N
j =o' 0 - 79 ot 6,w 79
RM@¢N@m@wtulQ = £>+wN@mﬂ,tEI@+g_&_lﬂ
(54)
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is analytic. We start expanding with respect to N by writing

¢ / ’ _ | 1
AN/ — )i+ 2 ) = (65(0) + 07 (@) + o)
with o+ (2) (@)
=0t @+ 2 gty o+ 2
We set

Riy(z) = (Riy(Nw) = Ru(2))/(2' = 2)(t + 2’ — x)

which is analytic up to a correction which is o(1/N) and analytic away from 2’
in a neighborhood of which it has two simple poles. We divide both sides of
Nekrasov equation by (2’ — x)(t + 2’ — z), and take £ = Nz and again using
Lemma |4.7, we deduce that

0Qu (B [AGN(2)] = Ry () + 1 BL() 4 TL(2) (59)

where #*(2) o (2)
oy Z) 0G(=) (&) ez

EH(Z)—EM(Z)—FZ/_Ze z +t+z’—ze z
and T (2) is a reminder term. It is the sum of the reminder term coming from
(52)) and the error term coming from the expansion of . The latter has single
poles at 2z’ and 2’ 4t and is bounded by 1/N?2. We can invert the multiplication
by @, as before to conclude (taking a contour which does not include 2’ so that
RY, stays analytic inside) that

Epo [AGN(2)] = K‘l[%Eﬁ +T7](2) + 0(%) ;

where we noticed that the residues of e are of order one.
We finally differentiate with respect to ¢t and take t = 0 (note therefore that

we need no estimates under the tilted measure Pﬁ,’w‘, but only those take at
t = 0 where we have an honest probability measure). Noticing that the operator
K does not depend on ¢, we obtain, with AGn (%) = Gn(2') — E[Gn(Z)] :

NZIEP%w [AGN(2)AGN(Y)] = —K_l[L(')e_eG(‘)](z)—i—NK_l[atFZh:O](z)

EENE
(56)
It is not difficult to see by a careful expansion in Nekrasov’s equation that

0T, (2)]e=0] < C(€)<NE[IAGN(Z)|2AGN(Z’)I] (57)

+HOEIAGN()AGK (]| + EIAGN ()]
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By Lemma it is at most of order (In N)?/+/N so that we proved

N7 [AGN(BGx ()] = ~K [ 5-Ehe 101) + O((n NPV
| (58)
This shows by taking 2’ = z that for 3z > ¢
E[|[NAGN(2)]?] < (InN)*VN . (59)

We note here that AGy(z) and AGy(z) only differ by In N/N by Remark
This completes the proof of Lemma
We derive the central limit theorem in the same spirit.

Theorem 4.19. If Assumption|/. 14| holds, for any 21, ...,z € M\R, (NAGN(21)—
m(z1),..., NAGN(zr) — m(zx)) converges in distribution towards a centered
Gaussian vector with covariance

Cl(z,7) = _K—l[(j_(-'))ze—ef;(.)](@

Remark 4.20. It was shown in [T]|] that the above covariance is the same than
for random matrices and is given by

(o) = 1 <1_ 2w — $(a+b)(z+w) + ab )

(z —w)? V(z—a)(z =b)y/(w—a)(w—1b)

It only depends on the end points and therefore is the same than for continuous
B ensembles with equilibrium measure with same end points. However notice
that the mean given in 1s different.

Proof. We first prove the convergence of the covariance by improving the esti-
mates on the reminder term in by a bootstrap procedure. It is enough to
improve the estimate on 0,I',, according to . But already, our new bound
on the covariance and Lemma allow to bound the right hand side of
by (In N)*/N. This allows to improve the estimate on the covariance as in
the previous proof and we get :

E[[NAGx(2)]?] < C(e)(In N)*. (60)

In turn, we can again improve the estimate on |0,I',(2)| since we now can
bound the right hand side of by (In N)°N~—1/2 which implies the desired
convergence of E[AG y(2)AGy(2')] towards C(z, 2').

To derive the central limit theorem it is enough to show that the cumulants
of degree higher than two vanish. To do so we replace the weight w(z, N) by

wy(z, N) = w(z, N) ﬁ(Ht/N)



The cumulants are then given by

NOw, Oy, - 00, B powr [AGN(2)] lty=ta=-=t,=0

Indeed, recall that the cumulant of NAGx(21),... NAGN(2,) is given by
p
8t1 ce 8tp lnEPz’wt [exp{N Z tiGN(Zi)}]|t1:t2:~~~:tp:0
i=1
which is also given by

8t2 e ﬁtp IHEPISV’W‘ [NAGN(Zl)”tl:tQ:“':tp: .

Noticing that E 6., [AGn(2) — AGn(2)] is independent of ¢, we conclude that
N
it is enough to show that

N3t18t2 s 5‘tpEP;,wt [AGN(Z)] |t1:t2:---:tp:0

goes to zero for p > 2. In fact, we can perform an analysis similar to the previous
one. This changes the functions gbﬁ by

N (@) =

::ws

(Zi*ff/Nthi)a(?&’t( ) =on(2)

i=1 i

N
&
Jamb

(2i —x/N).

1

We can apply the Nekrasov’s equations to this new measure for ¢; small enough
(so that the new weights do not vanish) to deduce that

R (€) = 03" (€)E po.o [ﬁ( — fi) O OB pa [1_11( Ez_lﬂ (61)

i=1
is analytic. Expanding in N we deduce that

E v [AGn(2)] = K[ BL(2) + T(2)]

where

¢ z a (.CL' — z
E;(z):E#(zHZZ 9G<>+Zt+z_$ 6G(2)
i=1 """ i=1 " v

and

0000, T —al2)] <€) (B [ (8GN ()P + 575) TTINAG (a0
#3710 EIAGY () [[NAGx (9] )
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The contour in the definition of K~! includes z and [a,b] but not the z;’s.
Taking the derivative with respect to t1,...,t, at zero we see that for p > 1

O Oy - - 5tp]EPg«wt [NAGN(2)] = K104, 04, - - - Btle"fL(z)]

where we used that the operator K is independent of ¢t. We finally need to show
that the right hand side goes to zero. It will, provided we show that for all p € N,
all z1,...,2, € M\[A, B] there exists C' depending only on min d(z;, [4, B]) and
p such that

P
E[J[ NAGN(2)]
i=1
This provides also bounds on E[|AG y(z)|P] when p is even. Indeed 0y, - - - 9;, NT',(2)
can be bounded by a combination of such moments. We can prove this by induc-
tion over p. By our previous bound on the covariance, we have already proved
this result for p = 2 by . Let us assume we obtained this bound for all
¢ < p for some p > 2. To get bounds on moments of correlators of order p + 1,
let us notice that [9;,dy, - -- 8y, NT",|i—o is at most of order (InN)**2 if p is
even by the induction hypothesis and Lemma (by bounding uniformly the
Stieltjes functions depending on z). This is enough to conclude. If p is odd, we
can only get bounds on moments of modulus of the Stieltjes transform of order
p—1. We do that and bound also the Stieltjes transform depending on the argu-
ment z; by using Lemma We then get a bound of order (In N)3»*+3y/N for
|0¢, 0, - - - O, NT", |i=0. This provides a similar bound for the correlators of order
p—+1, which is now even. Using Hélder inequality back on the previous estimate
and Lemma on at most one term, we finally bound |9y, 0y, - - - 0, NFZ|t:0 by
(In N)3®+1) which concludes the argument.

< C(lnN)*,

<

4.4 Second order expansion of linear statistics

In this section we show how to expand the expectation of linear statistics one
step further. To this end we need to assume that ¢ﬁ expands to the next order.

Assumption 4.21. Uniformly in M,

1 1 1
£y . 4t + +
on(2) =1 07(2) + N(bl (2) + N ¢y (2) + O(ng)
Lemma 4.22. Suppose Assumption[].21] holds. Then,

Z&EHOOE[NQAGN(Z) — Nm(z)]—r(z) =0 (62)
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with r(z) = K~1F,(z) where

92

2 3
Fie) = o (e e (o) - S o260) +

(C(a.2) + (30.6() + m(2)?])

+¢1_(z)e*9G(z) <02282G(z) — Hm(z)) + ¢35 (Z)efHG(z)

2 3 2
L+ (2)e?0) (("2 —0om(s)+ (o - Dioare)
2 _
+ 5 lm(:) - 25%0.66)2 + 02,

T Olm(z) + (4~ 0)0.6(2) + 65 ()0

Proof. The proof is as before to show that

1 1

0Qu(E[AGN ()] = - En(2) + 5 Ful2) + BY (2) + 0 (];)

by using Nekrasov’s equation of Theorem [£.10] expanding the exponentials and
using Lemmas and We then apply K ! on both sides to conclude.
o

5 Generalizations

In the last lecture, we will discuss generalizations and applications of the previ-
ous considerations:

1. The continuous Beta-models with several cuts [18]
2. The discrete Beta models with several cuts [17]
3. Beta ensembles with complex potentials [64]

While we give a precise description of the first question, we only outline the last
two.

5.1 The several cut case: the continuous case

In this section we consider again the continuous S-ensembles, but in the case
where the equilibrium measure has a disconnected support. The strategy has
to be modified since in this case the master operator = is not invertible. In
fact, the central limit theorem is not true as if we consider a smooth function
f which equals one on one connected piece of the support but vanishes other-
wise, and if we expect that the eigenvalues stay in the vicinity of the support of
the equilibrium measure, the linear statistic > f();) should be an integer and
therefore can not fluctuate like a Gaussian variable. It turns out however that
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the previous strategy works as soon as we fix the filling fractions, the number
of eigenvalues in a neighborhood of each connected piece of the support. The
idea will therefore be to obtain central limit theorems conditionally to filling
fractions. We will as well expand the partition functions for such fixed filling
fractions. The latter expansion will allow to estimate the distribution of the fill-
ing fractions and to derive their limiting distribution, giving a complete picture
of the fluctuations. These ideas were developed in [I3 19]. [I3] also includes
the case of hard edges. After this work, a very special case (two connected com-
ponents and a polynomial potential) could be treated in [32] by using Riemann
Hilbert. I will here follow the strategy of [13], but will use general test functions
instead of Stieltjes functionals as in Section [3] So as in Section [3| we consider
the probability measure

1

N
2AN) = 5 AP NEEVOITT dn; .
N

=1

arPyY (A, ..

By Theorems and if V satisfies Assumption we know that the
empirical measure of the \’s converges towards the equilibrium measure ui.
We shall hereafter assume that pu{ = py has a disconnected support but a
off-critical density in the following assumption.

Assumption 5.1. V : R — R is of class CP and pi has support given by
S = Ufil[ai7bl—] with b; < a1 < bi+1 < Q42 and

duy |
@ = H@)\ | [[@ = a) (i - )

where H 1is a continuous function such that H(x) > ¢ >0 a.e. on S.

We discuss this assumption in Lemma Let us notice that the fact that
the support py has a finite number of connected components is guaranteed
when V is analytic. Also, the fact that the density vanishes as a square root
at the boundary of the support is generic, cf [71]. Remember, see Lemma [3.5]
that py is described by the fact that the effective potential Vg is non-negative
outside of the support of uy.We will also assume hereafter that Assumption [3.2]
holds and that Vg is strictly positive outside S. By Theorem [3.8] we therefore
know that the eigenvalues will remain in S. = UP_ 52, S¢ = [a; — €, b; + €] with
probability greater than 1 — e~V with some C(e) > 0 for all € > 0. We take
¢ small enough so that S, is still the union of p disjoint connected components
S;,1 < i < p. Moreover, we will assume that V is C! so that the conclusions of
Theorem [3.14] and Corollary [3.16] still hold. In particular

Corollary 5.2. Assume V is C'. There exists ¢ > 0 and C finite such that

Pﬁ;’v (1r2§§p|#{j tAj € la; —e,b; +el} — Npv([ai, bi])] > C\/NIHN) <e N
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We can therefore restrict our study to the probability measure given, if we
denote by N; = #{j : \; € [a; —&,b; + €]}, n; = N;/N and 7o = (7, ..., 7K),
by

N

1

8.V Se - Ai

APy, (A1, AN) = 1maxi|Ni—Ny([ai,bi])|gc¢N1nNZﬁ,v A(N)Pe NBX VI )Hd)\i
N,e i=1

since exponentially small corrections do not affect our polynomial expansions.
As € > 0 is kept fixed we forget it in the notations and denote

N
1y —n 1 B _
dPﬁ:Z(Ah-u,)\N):MTWA()\)ﬂe NﬂZV(/\,,)Hd)\Z.
N, i=1

the probability measure obtained by conditioning the filling fractions to be equal
to f = (n1,...,np). Clearly, we have

N!
WV ,V
zy" = > AR A (63)
IN:—Nu(jai,b;)|[<CVNIn N a
B8,V
Nl Zy;
B8,V _ N,n pB,vV
Py = > Nyl Ng! 7BV Pya (64)
IN;—Npu([ai,b:;])|[<CVNIn N N

where the combinatorial term ﬁ comes from the ordering of the eigenval-
ues to be distributed among the cuts. Hence, we will retrieve large IV expansions
of the partition functions and linear statistics of the full model from those of
the fixed filling fraction models.

5.1.1 The fixed filling fractions model

To derive central limit theorems and expansion of the partition function for fixed
filling fractions we first need to check that we have the same type of results that
before we fix the filling fractions. We leave the following Theorem as an exercise,
its proof is similar to the proof of Theorem [3:4] Recall the notation :

e = [ [GV@+ 3V - 3t = slidute)duty).

Theorem 5.3. Fiz n; € (0,1) so that > n; = 1. Under the above assumptions

o Assume that (7;)1<i<k converges towards (n;)i1<i<x. The law of the vec-
tor of p empirical measures YN = Ni Z;V;R:NJ;NAH Oy, under Pff‘;
satisfies a large deviation principle on the space of p tuples of probability
measures on S; = [a; —e,b; + €|, 1 <i < p, in the scale N? with good rate

function I, = J, —inf J,, where

K
=1
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o J, achieves its minimal value uniquely at (1] )1<i<p. Besides there exists
p constants C' such that

@) = V@)~ [nle —yldPC ) -1 (69

is greater or equal to 0 on S; and equal to 0 on the support of ul'.

e The conclusions of Lemmal[3.17 and Corollary[3.16 hold in the fized filling
fraction case in the sense that for i = N;/N,> N; = N we can smooth
S nply = aN dnto iy (by pulling appart eigenvalues and taking the con-
volution by a small uniform variable), so that there exists ¢ > 0,C) 4 < 00
such that fort >0

PEY (Dl 3 up) > ) < cCraNmN-5N 4

Note above that the filling fractions N;/N may vary when N grows : the
first two statements hold if we take the limit, and the last with n; = N;/N
exactly equal to the filling fractions (the measures u are defined for any given
n; such that > n; = 1). The last result does not hold if # is replaced by its
limit n, unless 7 is close enough to n. To get the expansion for the fixed filling
fraction model it is essential to check that they are off critical if the n; are close

to u(S;) :

Lemma 5.4. Assume V is analytic. Fiz e > 0. There exists 6 > 0 so that if
max; [n; — py ()] <9, (U )1<i<p are off-critical in the sense that there exists
al < b in St and HP uniformly bounded below by a positive constant on S°
such that

dpi () = HP () (@ — ap) (b7 — 2)da

Proof. We first observe that n — [ fdu? is smooth for all smooth functions f.
Indeed, take two filling fractions n, m and denote in short by p™ = > n;u?. Re-
call that p™ minimizes £ on the set of probability measures with filling fractions
n. We decompose & as

=5 [ Vi()dv = i) @)+ 5 D) = 83 Clwan, b =) (60

where V[ ; is the effective potential for the measure p". Note here that we used
that as v — p™ has zero mass to write

[l = 4ld — @) - ")) = ~D ).

We then take v a measure with filling fractions m and since g™ minimizes £
among such measures,

E(p™) <EW). (67)
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We choose v to have the same support than p™ so that [V (z)d(v—p™)(z) =0
and notice that [ VI (z)d(p™ — u™)(z) > 0. Hence, we deduce from and

that

D(u™, 1) < D*(v, ")

Finally we choose v = p" + > .(m; — nl) 1 de with B; is an interval in the
support of p' where its density is bounded below by some fixed value. For
max |m; —n;| small enough it is a probability measure. Then, it is easy to check
that

D*(u™, u") < D*(p, u") < Cllm = n%

from which the conclusion follows from .
Next, we use the Dyson-Schwinger equation with the test function f(x) =
(z —z)7* to deduce that G?(z) = [(z — x)~'dul(z) satisfies the equation

(Cmes ) = [ D@ = viEere + ()

zZ—x

where f1'(z) = — [(V'(y) — V'(2))(y — 2) " 'du?(y). Hence we deduce that

GIe) = 5 (Vi) - SoniG ) \/<Vf<z> S n G )R — dnif ()

J#i J#i

The imaginary part of G gives the density of p]' in the limit where z goes to
the real axis. Since the first term in the above right hand side is obviously real,
the latter is given by the square root term and therefore we want to show that

F(z,n) Z n;G7(2))" — 4ni fi'(2)
J#i

vanishes only at two points a', b} for z € S;. The previous point shows that F'
is Lipschitz in the filling fraction n as V is C* (since then f! is the integral of
a C' function under u?) whereas Assumption implies that at n} = uy (S;),
F vanishes at only two points and has non-vanishing derivative at these points.
This implies that the points where F'(z,n) vanishes in S; are at distance of order
at most max |n; —m;| of a;, b;. However, to guarantee that there are exactly two
such points, we use the analyticity of V' which guarantees that F(.,n) is analytic
for all n so that we can apply Rouché theorem. As F(z,n*) does not vanish
on the boundary of some compact neighborhood K of a;, for n close enough to
n*, we have |F(z,n) — F(z,n*)| < |F(z,n*)| for z € K. This guarantees by
Rouché’s theorem, since F(.,n) is analytic in neighborhood of S; as V' is, that
F(.,n) and F(.,n*) have the same number of zeroes inside K. o

To apply the method of Section [3] we can again use the Dyson-Schwinger
equations and in fact Lemma still holds true : Let f; : R — R be C}
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functions, 0 < 4 < p. Then, taking the expectation under Pﬁ’g, we deduce

EDER) [[Nav()) = G - Bl () T Van (1)

i=1

+ % Z Eliin (fofe) H Nin(f:)]
(=1 i#£L

+ %E[/ WdMN(x)dMN(y) H Nin(fi))

+0(e~N)

where the last term comes from the boundary terms which are exponentially
small by the large deviations estimates of Theorem We still denoted
My (f) = Y f(\) — N> a;u?(f) but this time the mass in each S; is fixed
so this quantity is unchanged if we change f by adding a piecewise constant
function on the S;’s. We therefore have this time to find for any sufficiently
smooth function g a function f such that there are constants C; so that

= f(a) = V Z [ ) g 4 0w sy,

By the characterization of u”, if S} = [a7,b"] denotes the support of u” inside

S¢, this question is equivalent to ﬁnd f so that on every [aj 7bj]

2 f(x) = PV/ /) H} (y)y/(y — a) (b —y)dy = g(x) + C;

This question was solved in [77] under the condition that g, f are Holder with
some positive exponent. Once one gets existence of these functions, the property
of the inverse are the same as before since inverting the operator on one S; will
correspond to the same inversion. For later use, we prove a slightly stronger
statement :

Lemma 5.5. Let 0 € [0, 1] and set for n; € (0,1),> n; = 1. Let S denote the
support of plr. We set, fori e {1,...,K}, all x € ST

Znf(z) =V /f - du +0Zn]/f d/i]( ).

J#i

Then for all g € C*, k > 2, there exist constants C;,1 < j < p, so that the
equation

Epf(z) =g(z) +Cj,x € S}
has a unique solution which is Hélder for some exponent o > 0. We denote by
(E5)"1g this solution. There exists finite constant D; such that

IE5) " glles < Djllgllcs-2-
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Proof. Let us first recall the result from [77) section 90| which solves the case
0 = 1. Let Sy = [a},b}]. Because of the characterization of the equilibrium
measure, inverting =1 is equivalent to seek for f Holder such that there are K
constants (Ck)i1<k<k such that on Sy

Ky f(t) PV/ fﬁ = g(t) + Cy

for all k € {1,...,K}. Then, by [77, section 90|, if g is Holder, there exists a
unique solution and it is given by

Kigla) = f0) = T pv [ (gl Cu)
k k

where o(z) = /[[(x —a)(z —b?). The proof shows uniqueness and then
exhibits a solution. To prove uniqueness we must show that K;f = Cy has a
unique solution, namely zero. To do so one remarks that

B(z) = 1)

Uskl‘—z

is such that ¥(z) = (®(z) — Ci/2)\/(z — a})(x — bY) is holomorphic in a neigh-
borhood of S} and vanishes at a},b;l. Indeed, K, f = Cj, is equivalent to
Ot (z) + ¢ (z) = C) implies that U (z) = ¥~ (z) on the cuts. Hence

®(2) — Ci/2 = [(z — a) (= — b)]'/?0(2) (68)

with © holomorphic in a neighborhood of S}, and so ®'(z)o(#) is holomorphic
everywhere. Hence, since ® goes to zero at infinity like 1/22, P(z) = ®'(2)0(2)
is a polynomial of degree at most K — 2. We claim that this is a contradiction
with the fact that then the periods of ® vanish, see [42], Section II.1] for details.
Let us roughly sketch the idea. Indeed, because ® = u + iv is analytic outside
the cuts, if A = UAy is a set of contours surrounding the cuts and A° the part
of the imaginary plan outside A, we have by Stockes theorem

J= / ((0zu)? + (0yu)?) dady = / ud?v

A

Letting A going to S we find

/udz‘;z/u*dzﬁf/u*dv*
A S s

But by the condition ®T+®&~ = C} we see that u™+u~ = R(C),d(vT+v~) =0
and hence

J= Z%Ck/dv+—2%0k TOp) —vt(a})).
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On the other hand ®(z f P(&)/o(&)d¢ for any path avoiding the cuts and

hence converges towards finite Values on the cuts. But since ®'(§) = f((g is

analytic outside the cuts, going to zero like 1/2? at infinity,
0= [ Wi =2 [ e =20(E) - Blap)
Ak LL

Thus, v(b}) — v(a}) = 0 and we conclude that J = 0. Therefore ® vanishes,
and so does f.

Next, we consider the general case 6 € (0, 1). We show that Zj is injective on
the space of Holder functions. Again, it is sufficient to consider the homogeneous
equation

Kof(z) = (1 —0)Kof(z) + 0K, f(x) = Cy (69)

on Sy, for all k. Here Ky f(z fSk f(y)dy on S}, for all k. If Ky is injective, so
is 2 by dividing the functlon f o’n Sk by ok (x)Sk(z) = duy/dx. Recall that
Tricomi airfol equation shows that Ky is invertible, see Lemma [3.18] and we
have just seen that K7 is injective. To see that Kj is still injective for 6 € [0, 1]
we notice that we can invert K; to deduce that we seek for an Holder function
f (= K1g) and a piecewise constant function C' so that

Fla) =~ LK (Ko f - 0)

Let us consider this equation for z € Si and put f = K g. By the formula for
KT L and Ky ! we deduce that we seek for constants d, D and a function ¢ so
that on Sy, :

sV [ S et =15 E STy [ oy,

Here, we used a formula for K ! where o}, was replaced by cr,;1 : this alternative
formula is due to Parseval formula [90, (2) p.174], see (16) and (18) in [90].
Note here that both side vanish at the end points of S by the choices of the
constants. As a consequence

Uktx) /S g(y)+dkak<y) dy+ 9 1 Z /S :Lng (v)dy

r—y

is analytic in a neighborhood of Si.We next integrate over a contour Cy around
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S} to deduce that

+d 1 dz +d
/ IO e yay = L / o (y)dy
Sk Sk z

T—y 2i e ?

i e al [ e,
- 0 2mi /ck -1 o(2) Z/S (y)dy

] e Y=z
1-6 [ or(y) g(y) + Dx
- o(y)dy
0 )5, oty -y "V
1—6 g(y) + Dy,

- - d
0 s, a—y or(y)dy

where we used that oy /o is analytic in a neighborhood of Si, as well as the
terms coming from the other cuts. Hence we seek for g satisfying

1 +d
5 Py =0
Sk

r—y
for some constant dj. Tricomi airfol equation shows that this equation has a
unique solution which is when g+dj, is a multiple of 1/(0)?. By our smoothness
assumption on g, we deduce that g+dj, must vanish. This implies that f = K lg
vanishes by Tricomi. Hence, we conclude that Ky, and therefore Zf is injective
on the space of Holder continuous functions.
To show that Zf is surjective, it is enough to show that it is surjective when

composed with the inverse of the single cut operators 2" = (E",... E"), that

is that

Lof(x) :=n; f(zx)+0Rf (x =>n / duJ (y),z € S; = [, b7]
JFi

is surjective. But R is a kernel operator and in fact it is Hilbert-Schmidt in
L?(o~¢dz) for any € > 0 (here o(z) = [[1/(z — a?)(b? — z)). Indeed, on z € S;,
R is a sum of terms of the form

ED Y, L1 1 KA "
[ = [ g </ <yt>f’]“)‘”> W)

by Remark Even though we have a principal value inside the (smooth)
integral we can apply Fubini and notice that

1 1 1 1 1
PV/ du?ly) = PV/ + do;(y
c—nw-nsw™Y = = ey tu—p W
1
= 1-——0;)
where we used that ¢ belongs to .S; but not  to compute the Hilbert transport
of o; at t and z. Hence, the above term yields

/(E;-")‘lf(y) n f@) 1

du” (y) = ())dt A
r—y :uj(y) Sj O'J(t) x_to-](x)) 73565
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from which it follows that R is a Hilbert-Schmidt operator in L?(o~¢dx). Hence,
R is a compact operator in L?(o0~¢dx). But Ly is injective in this space. Indeed,
for f € L?(0“dx), Lgf = 0 implies that f = On; ' Rf is analytic. Writing back
h = (E")~1f, we deduce that =jh = 0 with h Hélder, hence h must vanish by
the previous consideration. Hence Ly is injective. Therefore, by the Fredholm
alternative, Ly is surjective. Hence Ly is a bijection on L?*(oc~¢dwz). But note
that the above identity shows that R maps L?(c~¢) onto analytic functions,
therefore K ' maps Hélder functions with exponent a onto Hélder functions
with exponent . We thus conclude that Zjj = Ly o E" is invertible onto the
space of Holder functions. We also see that the inverse has the announced

property since for = € [a7, b}]

(Z5) 'g(x) == g—hl, h(z)=0) n; / :337

where h is C*°. The announced bound follows readily from the bound on one
cut as on LF we have

(=) @) = @) (-0 / 7 gz w)
£k

is such that

IE5)~" 71 oo+ HI(E5) T fllo) -

o < esllf- ez/ EV g lless <l

(#£k

<

As E7 is invertible with bounded inverse we can apply exactly the same
strategy as in the one cut case to prove the central limit theorem :

Theorem 5.6. Assume V is analytic and the previous hypotheses hold true.
Then there exists € > 0 so that for max|n; — ,u([ai,bi])\ < ¢, for any f C*
with k > 11, the random variable My (f) := EZV 1 () = Nu(f) converges in

law under Pﬁ’ towards a Gaussian variable with mean mv(f) and covariance
Cw(f, 1), whzch are defined as in Theoremm 13.27 but with p™ instead of u and
=" instead of =.

We can also obtain the expansion for the partition function

Theorem 5.7. Assume V is analytic and the previous hypotheses hold true.
Then there exists € > 0 so that for max|n; — u([a;, b)) < €, n; = N;/N, we
have

N
o (e
+N2EMV) + NFM (V) + F3(V) +o(1) (70)

N2\ _ ~0 1
(ﬁKN)!Zﬁ’V) = CYNIn N + C}In(N)
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with CY = g, C’é =—(K-1)/2+ 73+B/122+2/ﬁ and for n; >0, n; =1,

(V) = —€&(uy)
Fr(V) = (g - 1)/1n(d:7V)dﬂ@ - gn Inn; + fi

where f1 depends only on the boundary points of the support. F}(V) is a con-
tinuous function of n. Above the error term is uniform on n in a neighborhood
of n*.

Proof. The proof is again by interpolation. We first remove the interaction
between cuts by introducing for 6 € [0, 1]

dpﬁl%‘/ Ay Ay) = H N220 [In|z—y|d(ip —pp) (@) d(in —pmp) y)Hdpﬁ’ is

N,np

,(BGV
ZNq h#h!

where Pf,:;f fis the B ensemble on S;, with potential given by the effective
potential. We still have a similar large deviation principle for the ,&hN under
Pﬁ, fLV and the minimizer of the rate function is always ,uﬁ. Hence we are
always in a off critical situation. Moreover, we can write the Dyson-Schwinger
equations for this model : it is easy to see that the master operator is Zf of
Lemma [5.5] which we have proved to be invertible. Therefore, we deduce that
the covariance and the mean of linear statistics are in a small neighborhood of
C{o,’” and m‘e/’”. It is not hard to see that this convergence is uniform in 6.
Hence, we can proceed and compute

B,V

N,n ~ n
w2 = v [ (Z 5 [ Infe (Y — ) e - uh/><y>) i
N7 h<h’

Indeed, using the Fourier transform of the logarithm we have
W2 ( [ inle = yld — i@ - i)

= [ (o [ ema - i [emat - o ) a

where the above RHS is close to
0,7, it. _—i 7
[CP™ (e, e ™) + [m§™ () 2]

Hence, decoupling the cuts in this way only provides a term of order one in the
partition function. It is not hard to see that it will be a continuous function of
the filling fraction (as the inverse of Z is uniformly continuous in n). Finally
we can use the expansion of the one cut case of Theorem to expand Z f\(,”%’v
to conclude. o
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5.1.2 Central limit theorem for the full model

To tackle the model with random filling fraction, we need to estimate the ratio
of the partition functions according to (63)). Recall that nf = p([a;, b;]). We
can now extend the definition of the partition function to non-rational values of
the filling fractions by using Theorem Then we have

Theorem 5.8. Under the previous hypotheses, for max|n; — nf| < €, there
exists a positive definite form Q and a vector v such that

N,n
(Nn)!--- (Nnjg)! Zsv

D =
(n) (Nl (Nn)! 200

= eXp{—%Q(N(n —n"))(1+0(e)) + (N(n—n%),v) +o(1)},

where Zé\f"?*/(]\fn”f)! < (Nnjo)! is defined thanks to the expansion of when-
ever n*N takes non-integer values (note here the right hand side makes sense
for any filling fraction n). O(e) is bounded by Ce uniformly in N. We have
Q = —D?F}(V)|n=n+ and v; = 0y, FI*(V)|n=n+. As a consequence, since the
probability that the filling fractions 7 are equal to n is proportional to D(n),
we deduce that the distribution of N(fi —n*) — Q™ v is equivalent to a centered
discrete Gaussian variable with values in —Nn* —Q~'v+7Z and covariance Q1.

Note here that Nn* is not integer in general so that N (7 —n*) — Q™ 'v does
not live in a fixed space : this is why the distribution of N (A —n*) — Qv does
not converge in general. As a corollary of the previous theorem, we immediatly
have that

Corollary 5.9. Let f be C11. Then

Epy, [65 /00N = oxp( SOV (f, £) + ()

5 PN (= 11) + (N — ).+ i ()
> exp{—3Q(N(n—n%)) + (N(n —n),v)}

(140(1))

n

We notice that we have a usual central limit theorem as soon as 9y, 4™ |=n~ (f)
vanishes (in which case the second term vanishes), but otherwise the discrete
Gaussian variations of the filling fractions enter into the game. This term comes
from the difference Nu(f) — Nu™(f).

As is easy to see, the last thing we need to show to prove these results is
that

Lemma 5.10. Assume V analytic, off-critical. Then
o n— u(f) is Ct and CL(f, f), m%(f) are continuous in n,
e n— F*(V) is C*~" in a neighborhood of n*,

o Q= —D?F}V)|n=n~ is definite positive.
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Let us remark that this indeed implies Corollary [5.9] and Theorem [5.8] since
by Theorem [5.7| we have for |n; — nf| <e

N,n
(Nnjl-- - (Nni)! Zgy

NHEG(V) = g (V)} + N(F(V) = F* (V)

HEPW) = B (V) +o(1)
= QNG — "), N(n = n)(1 +0()
+anF1n(V)‘n=n* (N(n - n*))

where we noticed that 9, F} (V) vanishes at n* since n* minimizes F}* and Q
is definite positive. Hence we obtain the announced estimate on the partition
function. About Corollary we have by and by conditionning on filling
fractions

EPN

E,V[

~F {eNm—n*,anu"(f)u:n*>]EPM [eZ f(m—Nu’"L(f)]] (1+ o(1))
B,V

(XSO =Nuv (D] = | {eN(uﬁ(f)*u"*(f))EPN’ﬁ[62 FO) =N ()]
B,V

So we only need to prove Lemma [5.10}

Proof. n — p™ is twice continuously differentiable. We have already seen in
the proof of Lemma that n — p™ is Lipschitz for the distance D for n in a
neighborhood of n*. This implies that v, = e~ *(u"T* — u") is tight (for the
distance D and hence the weak topology). Let us consider a limit point v and its
Stieltjes transform G, (z) = [(z—xz) 'dv(z). Along this subsequence, the proof
of Lemma also shows that e~ (a?"" —a?) has a limit (and similarly for b",
as well as H]"). Hence, we see that v is absolutely continuous with respect to
Lebesgue measure, with density blowing up at most like a square root at the
boundary. By in Theorem we deduce that

G, (E +1i0) + G, (E —i0) =0

for all E inside the support of u™. This implies that /T[(z — a?)(bI' — 2)G,(z)
has no discontinuities in the cut, hence is analytic. Finally, G, goes to zero at
infinity like 1/22 so that /T[(z — a?)(b — 2)G,(z) is a polynomial of degree
at most p — 2. Its coefficients are uniquely determined by the p — 1 equations

fixing the filling fractions since for a contour C}* around [al, b7]

Gun(2)dz =n; = G,(2)dz = K; .
cr cr

There is a unique solution to such equations. As it is linear in k, it is given by

G,(z) = Z Kiw;' (2) (71)
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where w'(2) = P*(2)/\/T1(z — a?) (b} — z) satisfy
/ wit(z)dz =6, (72)
oy

and P are polynomials of degree smaller or equal than p — 2. Hence G, is
uniquely determined as well as v, we conclude that n — p™ is differentiable,
as well as a}',b}. The latter implies that n — w} is as well differentiable and
hence n—G» is twice continuously differentiable. In turn, we conclude that
al’,b?, H] are twice continuously differentiable with respect to n, and therefore
so is the density of u™.

Cy(f, £),my(f) are continuous in n. From the continuity of du"/dx we
deduce that =" is continuous, and since =" has uniformly bounded inverse
(provided we take sufficiently smooth functions), we deduce that (")~ is con-
tinuous in n, from which the continuity of C7}(f, f), m{,(f) follows for smooth
enough f.

n — EM(V) is C*7% i = 0,1,2. For i = 1, by the formulas of Theorem
5.6, it is a straightforward consequence of the fact that du™/dz is continuously
differentiable and its differential is integrable. It amounts to show that the
inverse of the operators Zj are continuous in n, but again this is due to the
continuity of the endpoints and the explicit formulas we have.

D2F3(V) is well defined and definite negative at n = n*. Set

n+tn _ ,n
vy = lim 2

t—0 t (73)

By the formula for J in terms of the effective potential

*

FyV) = By = () = )
= (e = V@ - @)

where we used that at n = n* the constants in the effective potential are all equal
and that > n; = 0. Since VZ}} vanishes on Ula;, b;] as well as its derivative and
the derivatives of € — p, ¢, are smooth and supported in Ula;, b;], we deduce
that F9n+tn is a C? function of ¢ and its Hessian is :

O ey =~ D2, 7] (74)

where v* = atu”*“"\t:o. D?F, vanishes only when v* vanishes, which implies
n =0 by , since no non trivial combination of the w]’ can vanish uniformly
by . Therefore, the Hessian is definite negative. o

5.2 Several cut case: discrete Beta-ensembles and tiling

The same ideas can be developed for discrete Beta -ensembles but it becomes
much more technical. This is the goal of a manuscript with G. Borot and V.
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Figure 2: Oshaped domain: hexagon with a hole

Gorin that we should post by the summer in the form of a book. For instance,
one of our goal is to derive fluctuations for tilings in domains which are not sim-
ply connected such as a 0-shaped domain, or a C shaped domain, and prove that
fluctuations are still given by a Gaussian Free Field (as conjectured by Kenyon
and Okounkov).

Let us simply outline the difficulties :

1. We first have to show that there are nor particles in void regions nor
holes in saturated regions to check that these regions can be considered as
frozen/deterministic. This can be done by large deviations arguments with
rate functions given in terms of the effective potentials, but this is more
technical than in the continuous case, in particular because the speed is
N and the density is a product of N2 terms, so errors have to be precisely
estimated.

2. We then would like to fix filling fractions and extrapolate the partition
function of our conditioned model with the one of independent models
with one band per segment, each of these models being interpolated with
a model for which we can compute the partition functions (generalizing the
Gaussian ensembles and Selberg integrals in the continuous case). This
raised several difficulties. It turns out that we can compute the partition
function of Jack polynomials, see subsection [5.2.1] which plays the role
of the Gaussian ensembles. They corresponds to one cut models with the
four possible boundary conditions. To estimate the partition functions of
more general one cut models, we need to proceed by interpolation which
satisfy all our conditions to apply and solve Nekrasov’s equations. This is
much more technical than in the continuous case.
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3. To estimate the original several cuts models, we need to condition by
random variables such as filling fractions and interpolate the conditioned
model with independent one cut models. Conditioning by filling fractions
is not as clear as before because of the saturated regions and the fact
that the lattice on which the particles live depends on the number of
particles and their position. To this end we need to condition rather
on positions of particles and filling fractions, and find the right random
variables on which we can condition and be able to solve the Nekrasov
equations. Interpolating between models become much more complicated
to make sure that each steps of our interpolation satisfy the conditions to
derive Nekrasov’s equations.

4. One needs to solve these equations and identify the different terms: this
uses algebraic geometry.

5.2.1 Expansion of the partition function

To expand the partition function in the spirit of what we did in the continuous
case, we need to compare our partition function to one we know. In the con-
tinuous case, Selberg integrals were computed by Selberg. In the discrete case
it turns out we can compute the partition function of binomial Jack measure
[14] which corresponds to the choice of weight depending on two positive real
parameters o, 8 > 0 given by :

D(M+6(N—1)+32)
L+ 1)T(M +6(N —1)+1—2)

w;(0) = (afh)’ 5 (75)

Then, the partition function can be computed explicitely and we find (see the
work in progress with Borot and Gorin [I7]) :

Theorem 5.11. With summation going over ({1,...,€N) satisfying {1 € Zx
and bip1 —0;€{0,0+1,0+2,...},i€{l,...,N — 1}, we have

1 T(lipy — b+ DD (ligy — £+ 0) D
ZJ — _ fz

1<i<j<N

L/BQ)ON(N[m ﬁ T(O(N +1—i))D(M + (N — 1) + 2)

= (1+ap0) "N (5 T(OT(M +1+6(i— 1))

=1

On the other hand, the equilibrium measure p; for this model can be com-
puted and we find that if % — (m —0) and g = a0, there exists a, € (0, m)
so that p; has density equal to 0 or 1/6 outside («, 3), and in the liquid region
(ar, B) the density is given by :

x(l—q)+qm—qb — 0 )

1
wy(z) = Earccot <\/((x(1 —q) +qm —qf — 0))? + dzq(m — x)
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where arccot is the reciprocal of the cotangent function. Therefore, depending
on the choices of the parameters, the behavior of pj(x) as z varies from 0 to m
is given by the following four scenarios (it is easy to see that all four do happen)

Near zero py(x) = 0, then 0 < py(z) < 67, then py(z) = 6~ near m;

Near zero juy(z) = 01, then 0 < ps(z) < 07, then py(z) = 6~ near m;

Near zero py(x) = 0, then 0 < ps(z) < 67!, then ps(z) = 0 near m;

Near zero p7(x) = 071, then 0 < py(z) < 71, then p;(x) = 0 near m.

We want to interpolate our model with weight w with a Jack binomial model
with weight w;. To this end we would like to consider a model With the same
liquid /frozen /void regions so that the model with weight w? w , t € ]0,1],
corresponds to an equilibrium measure with the same liquid/ frozen / v01d regions
and an equilibrium measure given by the interpolation between both equilibrium
measure. However, doing that we may have problems to satisfy the conditions of
Nekrasov’s equations if w/w; may vanish or blow up. It is possible to circumvent
this point by proving that the boundary points are frozen with overwhelming
probability, hence allowing more freedom with the boundary point. However,
constructing an interpolation that satisfy all our hypotheses is far from easy
and complexifies quite a lot the analysis. In these lecture notes, we will not go
to this technicality.

Theorem 5.12. Assume there exists M, q so that In(w/wy) is approzimated,

uniformly on [a,b] by

1 1
In %(Nx) = NV = Vi)(@) + MV (@) + AV (@) + o).
where V. —V; and A1V are analytic in M, whereas A3V is bounded continuous
on [a,b]. Assume moreover that qﬁ satisfies Assumption m Then, we have

60,w
In ZZJ — N2Fy(0,V) 4 NFL(8,w) + Fo(8,w) + o(1)
with
Fo(0,V) = —208(u) + 206(uy)
AO.V) = 27TZ//v,— dt+2—m//AV )Go(2)dt
BO,V) = 27”// (V) = VY()re(2) + AV (2)my(2) + DoV (2)Gal2)) dadt

Proof. We consider P ™t the discrete 8 model with weight w'w J ~!. We have
Z%w w
W [ § In — (¢

= PM’*( (N?(Vy = V) + NALV + ApV))dt + o(1) .
0
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Denote 1y the equilibrium measure for wtw? 7 . Clearly

1 1
im [ PLY (N (AeV))dt = / e (AaV) dt
0

N—o0 0

For the first two terms we use the analyticity of the potentials and Cauchy
formula to express everything in terms of Stieltjes functions

1
/ Poec (N (N?(Vy — V) + NAV))dt
0

2 0w,
= omi / / (N2(Vy = V) + NALV) (2) Py (G (2))dzdt

We then use Lemma [£.22] since all our assumptions are verified. This provides
an expansion :

ZGw
In ZJ =—N?Fy(0,V) + NF(0,w) + Fo(6,w) + o(1).

Again by taking the large N limit we can identify Fo(0,V) = —&(uy ). For Fy
we find

Fl(e,w)Qjm,/Ol/C(VJV)( dt+2—m/ /Aﬂ/ )Gi(z

2(6,w) 27rz_/ / (Vi = V)(2)re(z) + A1V (2)mu(z) + A2V (2)Gi(2)) dzdt

and

<

5.2.2 CLT for several cuts domains

Once the partition functions are expanded in terms of the filling fractions, or the
more general random variables by which we condition, we can study the fluc-
tuations of these variables and show they are governed by a discrete Gaussian
variables as in the continuous case. Moreover, general linear statistics satisfy a
standard central limit theorem conditionnally to these variables, so their fluctu-
ations can be decomposed as the sum of a discrete Gaussian and a continuous
one, as in the case of continuous Beta-ensembles. We state one of the main
theorem of [17].

Theorem 5.13. Consider a Beta discrete model satisfying some technical As-
sumptions and suppose that the equilibrium measure has one band per segment.
Let € > 0 be small enough, so that the e-neighborhoods of the bands are pairwise
disjoint. Let L € Zo and a L-tuple of integers k € [H|L both independent
of N, let a (possibly N-dependent) L-tuple of functions f(z) such that fi(z)
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18 a holomorphic function of z in a N-independent complex neighborhood of
[k, — € by, + €] for any | € [L]. Assume there exists a constant C' > 0 such
that max;sup, |fi(z)| < C. Let GauB[f] be a L-dimensional random Gaus-
sian vector with certain covariance and mean Let Gaully be a discrete Gaus-
sian variable (with appropriate mean and covariance) Then, the distribution of

L
(Z[fl](ékl JN) — f’@’” fi(@)ppw (z )dx)l_l is asymptotically equal to the dis-
tribution of a

L

GauB(] + ({(GauBz — N7 - wi, (1) )

=1

where
K

k

Bk
wilf] = ( F@) (0P () | dx)

=1

Interestingly, tiling models generically satisfy these assumptions.

5.3 Beta-models with complex potentials

In this section, we are interested in estimating the partition function for S-
ensembles with complex potentials, as in [64]. More precisely, we study

Zyr(N,B) = / H )P NBEL V(=) gy

1<i<j<N

where V' is a polynomial with complex coefficients, § € 2N is an even integer
and I' C C is an unbounded contour such that the integral converges. Because
the potential has complex coefficients, the integrand is complex and the integral
oscillatory. Therefore, the previous considerations do not hold. The natural
questions we would like to answer are:

e Can we expand Zy (N, ) as N goes to infinity ?

e Does the integral concentrate on a set where the empirical measure % >4,

is close to some measure v on C 7 And then can we study the fluctuations
?

Let us roughly state the main theorem of [64], which introduces the notion
of “one-cut regular” polynomial which generalizes that of one-cut off-critical
potential of Section

Theorem 5.14 (Expansion of the complex partition function). Let 8 € 2N. Let
V' be a “one cut-reqular” polynomial with higher degree term 2" /k and let T C C
be a simple (unbounded) contour consisting of a finite number of C1 arcs, going

out to infinity in the directions " and e , o, €0,k —1]. Then there
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is a sequence of complex numbers (Fi,(8,V )72 _, such that for every K € N we
have

2 K

3+8+ F
1nzV,F(N,5):§N1nN+ 12 SN+ Y k( ﬂ’ O(N—K-1),
k=-2

Moreover, the definitions of the terms Fy, extend the usual real case.

About linear statistics, we define the associated (complex) Gibbs measure

1
Py (dz) = Zur (V5 T [ Gi—z)feMPEim Vi gg

1<i<j<N
and prove

Theorem 5.15. Let § € 2N. Let V be a “one cut-regular” polynomial and
rcCeoea smooth enough simple contour consisting going out to infinity in the
directions 5= and > , a,a’ €[0,5—1]. There exists a probability measure
Wty so that for every polynomzal P,

o limy oo [ P(21)dPYY (dz) = [ P(2)dpy (2

o The cumulants of Zn(P) = Ef\il P(z;) — NfP(zl)d]P’J‘X’ILB(dz) converge
towards zero except for the second one.

Prior results for 8 = 2 and V' quartic or cubic were obtained in Barhoumi,
Bleher, Deano, Yattselev '22, Bleher, Gharakhloo, and McLaughlin '24. Bertola,
Bleher, Gharakhloo, McLaughlin, and Tovbis '22: set of indices of regular poly-
nomials is open. Conjecture: almost surely true.

To obtain these results, there are two very useful properties :

e By Cauchy’s theorem and the analyticity of the function we are integrat-
ing, for every simple contours I', TV C C consisting of a finite number of

2ria’

C" arcs and stretching out to infinity in the directions e and ™%

Zyr(N,B) = Zvr(N, B)
e For every contour I" and potential V' as above,
[Zvr(N, B)] < Z55(N, B)

with, if ¢(z) = R(V(2)),

° (N, 3) = / H |2 — Zj|BefNﬂZkN:1 #(z) d|z|

1<i<j<N
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Combining these two properties, we get

‘ZV,F(NMBN SHI{I/HZ\P/%CI—‘/(Naﬁ) (76)

Heuristically we want to argue that this bound is approximately an equality in
the sense that there exists a contour Iy so that |Zy,p(N,3)| ~ Z§%, (N, B).
In fact, we prove that

e We can find a contour I'y/, the S-curve, with a smooth parametrization
v:R — T'y so that

Y i<icj<N

= Oy /R e AP (x)

where Cy is a (complex) constant whose asymptotics can be computed
and

1 N
Re,N — _, ReVory(z
AP (x) = g [T () — () e i RV TT o/ () .
Vi<

Moreover, the real valued random variable Xy decomposes as

Xor = 5N [ alag)d - Y L= )1 5N [ pa)d(Ly—u7)(o)

with two smooth functions a,p and Ly = + Zfil 0z;. Moreover, under
PN, Ly converges towards some p* = C/z(1 — z)da

e Under ]P"%e’N, N [ fd(Lny — p*) converges towards a Gaussian for smooth
f. Hence Xy converges in law towards a quadratic form in Gaussian
variables. Thus Zy (N, 8)/Cn converges towards a non zero constant.

We therefore need to analyze the real beta-ensembles
Z‘F}j’,(]\f’ﬂ) :/ H |Zi_zj|ﬁefNﬁZkN:1 W(Zk)d|z|
TV <icj<N
By collecting the result of the previous section, we find that

Theorem 5.16. Let

Il = sz(z,w)du(Z)du(w)

bzw) Py L) o), ¢S RY

2 |z—w|
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Then, if ¢ is continuous, going to infinity like |z|"/k,

1
lim — log ZB(N.8) = — inf I¥[u].
Jim <7 log Zy (N, 6) Lanf (1]

The infimum is achieved at a unique probability measure i, called the equilib-
TiUM Mmeasure.

We next want to optimize over the choice of admissible contours in .
Following [72], we define the set of admissible contours I' € T («, o) is defined
as follows

1. T is a finite union of C! Jordan arcs, I is connected.

2. T stretches out to infinity in the sectors S, = {z € C: |arg(z)—a| < 7/2k}
and Sa/.

3. For every ¢ € {1,...,k} \ {a, @'}, there is an R > 0 sufficiently large so
that T' N (Sar(e—1y/x \ Dr) = 0.

We say that I, € T (e, @) solves the max-min energy problem if

sup inf I¢[ul= inf I®[u].
femup ot = R, T

Theorem 5.17. If V is a polynomial, there exists a contour T'y, € T (o, ')
solving the maz-min energy problem.

Denote U¥(z) = [In ﬁdu(m) and C*(z) = 5= [ ——du(x).The S-curve
is defined as follows [72]
Definition 5.18 (S-curve). I' € T(a, ') is an S-curve if there is a set of zero

capacity E such that for any z € supp p, \ E there is a neighbourhood D > z
such that D Nsupp py, s an analytic arc and

0
s (U £ 9)(2) = 5= (U +9) )z € spp \E - (77)
where % are the normal derivatives taken on either side of the contour.

Theorem 5.19. 'y, is an S-curve in the external field p = RV
We can finally define the notion of regularity following [72]

Definition 5.20. Let V(z) = Z + O(2*"!) be a polynomial potential and
I'y € T(a,a’) be a solution of the associated maz-min energy problem. Then
we say that V is one-cut regular if

1. The support of the equilibrium measure pn, on L'y, is connected.
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2. It is possible to choose the curveT'y, € T (o, &) solving the max-min energy
problem such that the polynomial R

R(z) = (2mi C*+ (2) + V'(2)) 2 € C \ supp p,, (78)

with C*(2) = 5= [ —-du(z), has simple zeros at the endpoints of the

2 T—z
support of the equilibrium measure and no other zeros on I'y,. Then

dpg(z \/ +dz.

VR(z)+ denotes the limiting value on the left of supp p, with respect to
its orientation.

It is important to show that if V' be one-cut regular, we can indeed find a
nice contour with the above properties. Indeed, we show that there exists an
admissible contour " € T (a, ') with the following properties.

1. T solves the max-min energy problem in external field ¢ = RV.

2. T is the homeomorphic image of R under an infinitely differentiable injec-
tive function v, v : R — C,v(R) =T |y(z)| = 400 as ¢ — +oo and
there exist K > 0 such that

2

argy(e) = == Vae(—o0,—K],
2o’

argy(xz) = - Vo € [K, +00).

3. For any z € T'\supp iy, pefi(2) = gp(z)—l—U“g —C,, vanishes on the support
¥([0,1]) of u, and is strictly positive outside.

This implies that liminf|,|_, %I‘z/\(:) = E and
zell
s - z;
2ee.8) = [ TI06) —at@)f ] e oD,
RY 2 1<i<N

1
—
a
-
+
ul
—~
2
—~
8
N
|
2
—~
8
<
~
~
Nlie)
\Q\
)
|
2
=
2
8
&

where we could finally localize the integration over a neighborhood of [0, 1]
because the effective potential is positive outside so the integral over the com-
plementary set is neglectable by large deviation estimates over the support.

Definition 5.21. Let I' as above. Let (1,(s € T be the lower and upper end-
points of supp i, according to the orientation ,—w/ z)dz > 0. The complex
effective potential is given, if g, (2 fln (z — 1du( ), by

Do : C\T —> C, Degr(2) & \/ w)dw =V (z)+ gu(z) — C

87



where the integration contour from (3 € C to z € C doesn’t intersect with T
except at (7 itself.

Proposition 5.22. Let & refers to the left/ right boundary values according to
the orientation of v([—e, 1+ €]). Then

S (2fg(2) + Pe(2)) =0 Vzeq(—el+e)
Furthermore R (®%;:(2) + @4(2)) >0 Vz € y([—e,1+€\[0,1]).
Expanding the complex partition function I

Proposition 5.23. Let V' be one-cut regular and I',~y as before. Then there
exists a positive constant C' independent of N and Ny finite so that for N > Ny:

‘ZV,F(N35)| > CZLI;GF(Na ﬂ)

Zve(N.B) | ZvaeerrgWN.B)
ZUR(N.B) 298 Leagq) (Vs B)

o Let Xy = 2% [ad(Ly — 0)®2 + (1 — )N [pd(Ly — o) with o =

8vx(l —z)dx/m

2
Ry = eiﬁg J ado’®2+(1—§)iprda/ eiXNd]P)E\?E,l—Q—e]
[—e,14€] N

where a(z,y) = arg[(v(z) — v(y))/(z — y)], p(x) = arg[y/ ()] and

A |8 N
dPE\;s,que] _ HZEJS |7($z) 7(37])‘ e_Nﬁ E{Q;l Re(Voy(zk)) H |’7/($k;)|d$k
ZV,'V([—671+6])(N’ B) k=1

. —e1
Lemma 5.24. Assume V is one cut-reqular. Then, under IP[N © +E], XN con-
. ; —e1
verges towards a second chaos variable so that f[ie LN eZXNd]P’EV et con-
)
verges towards a non zero compler number e* .
Hints:

e a,p are smooth, compactly supported and hence can be written in terms
of well-converging integrals of Fy()) := [e?*dN(Ly — o)(z). Hence it
is enough to prove that (Fx(A))xer converges towards Gaussian vectors.

) IPE;G’HE] is a standard S-model with a potential depending quadratically
on the empirical measure Ly. It can be shown (see Borot-G-Kozlowski) by
using Dyson-Schwinger equations that if V' is one-cut regular, (Fx (\))xer
converges towards Gaussian vectors.
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Putting together the estimates above we get :

Zyr(N, B) = ZB%(N, B)e 2 [ odo ™+ (=) [pdo oF V(1 1 o(1))

We can deduce from that

lnzv,r(N.,()’):gNlanr 52 %1 N+ZO: (’iV) o(1)
with
L(BY) = 5
e = (5- )[/medﬂgg%wmg D ur(2),
where

def 1 1
1 [ (300 + 500 +2V0)) dudo),
To show that the expansion holds at higher ranks, we see that

2 K

3+ 2+ Fi(
anV’F(N,B):gNlnN—i— 12 "IN+ Y ’“6’ O(N~K-1),

k=—-2

e Find an interpolation of potentials V; so that Zy;, r(N, ) is known

Zyr(N,B) 2/1/ N
In——>+-~%-=—-N Ln(0,V)dP," dt
! Zyr (N, B) 0 N (V)P

e Obtain Dyson-Schwinger equations for the cumulants of Ly (P) by inte-
gration by parts

e invert the Master operator

e Control remainders by using previous bounds on partitions functions (so
need to interpolate in the family of one-cut regular polynomials) and
solve asymptotically the equations to derive the large N expansion of
[ Ln(8:Vy)dPY.

6 More about Dyson-Schwinger equations

e Universality of Continuous (-ensembles

By introducing the idea of approximate transport map ideas developped
in [6], [54], one can prove universality of (continuous) S-ensembles.
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We will therefore consider again the S-ensembles Pf,’v introduced in Sec-
tion [3| and will restrict ourselves to the setting of that section, namely
the case where the equilibrium measure has a connected support and its
density vanishes like a square root at the boundary. Thus, the global fluc-
tuations are known and we now focus on the local fluctuations, such as
the fluctuations of the largest eigenvalue or of the spacing between two
eigenvalues. Our goal is to show that there is universality in the sense that
the local fluctuations are the same than when the potential is quadratic.
In fact, this is enough since local fluctuations could be studied in the case
V = 2. When B = 1,2, 4, this was done by Riemann Hilbert techniques
[88, 189, [76]. By using tridiagonal representation of the joint law of the
eigenvalues of 3 ensembles with V(z) = 2?2, derived by Dumitriu and
Edelman [43], local fluctuations could be studied for general 8 [92] [80].
We are going to see here how to show that the same local fluctuations
are true if we take another potential V', provided it is smooth enough,
and so that the equilibrium measure has a connected support. Univer-
sality in the S-ensembles was first addressed in [2I] (in the bulk, 8 > 0,
V € C%), then in [22] (at the edge, 3 > 1, V € C*) and [70] (at the edge,
B > 0, V convex polynomial) and finally in [83] (in the bulk, 8 > 0, V
analytic, multi-cut case included). The approach we propose here, which
was developed in [6], is based on the construction of approximate trans-
port maps. More precisely, let us consider Pf/v the previous [S-ensemble
distribution on RY. The goal is to construct a map TV : RV — R such
that TV = TN + LTV where T is smooth and increasing as well as 77
and so that )

lim ||[PSY — TN#PY™ ||py = 0. (79)

N—oc0

Here, we denote by T#u the push-forward of the measure p by T given
for any test function f by

/ F(@)dT#u(x) = / FT(w))du(y)

The name of approximate transport map emphasizes that the above equal-
ity only holds at the large NV limit, and not for all N as a usual transport
map would do. Eventhough existence of transport maps is well known for
any given IV, smoothness and dependency on the dimension of such maps
is unknown in general. For this reason, we shall instead construct explicit
approximate transport maps, for which we can investigate both regularity
and dependency on the dimension. The main point is that the existence
of approximate transport maps as in implies universality. Roughly
speaking, if TV is bounded, we see that if A" are the ordered eigenvalues
under Pff’v,

2 2 1
N2BAR=To(2)) ~aist N** (TN (X% )=To(2)) ~ Ty ()N (A% ~2)+0(573)-
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This shows that the largest eigenvalue \¥, fluctuates around Tp(2) as in
the quadratic case. Moreover, if TV is Holder a € (0, 1),

71)2 IQ 12 1)2 ZL‘2 (6%
N = A) = NP ) (A = AT ) + O(IAE = AT %)
where the last term is negligible. Similarly, correlation functions can be
considered. Hence, we also get universality in the bulk.

To construct the approximate transport map, we solve the Monge Am-
pere equations approximately. This is very similar to solving the Dyson-
Schwinger equations.

Local fluctuations of Discrete Beta ensembles at the edge Huang
and I [62] showed that the largest particle of Discrete Beta ensembles fluc-
tuate as the largest particle of continuous Beta ensembles for every Beta
larger than one. This follows from rigidity and transport to continuous
models in the region of the large particles whose distance is much bigger
than the grid typical size.

Local laws for Beta ensembles By reformulating cleverly the Dyson-
Schwinger equations, Bourgade, Mody and Pain [24] could derive optimal
local laws for (continuous) Beta ensembles.

Dynamical loop equations Gorin and Huang [56] showed that loop
equations can also be derived for two dimensional particle systems, in-
cluding Dyson Brownian motion, nonintersecting Bernoulli and Poisson
random walks, ?-corner processes, uniform and Jack-type Gelfand-Tsetlin
patterns, models associated with Macdonald and Koornwider polynomi-
als, as well as distributions of lozenge tilings. They showed that these
imply central limit theorems and related convergence towards Gaussian
fields of the fluctuations of the linear statistics.

Asymptotics of Jack Polynomials Huang and I [63] used the dynam-
ical loop equations to prove large deviations principle for Theta analogues
of Bernoulli random walks, generalizing large deviations for Dyson’s Brow-
nian motions.

Fluctuations of Beta ensembles for critical potentials Bekerman,
Leblé, Serfaty [?] proved a central limit theorem for linear statistics for
continuous Beta ensembles when the test functions belong to the orthog-
onal of the kernel of the master operator. The latter remains quite mys-
terious.

Fluctuations of S-Kratchouk ensembles by Dimitrov and Knizel [40]
introduce and study the g-Ktrachouk ensembles by developing multi-level
loop equations.

Ramanujan Property and Edge Universality of Random regular
graphs Recently, McKenzie, Huang and Yau [66] proved that the first non-
trivial eigenvalue of d-regular graph fluctuate like a Tracy-Widom law up
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to d = 3. A key new tool they developed is the notion of microscopic loop
equations.

e Asymptotic expansion of smooth functions in polynomials in de-
terministic matrices and iid GUE derived by Parraud [78], which
were key in recent advances on asymptotic freeness [4} [7].
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