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Abstract

We give a partial account of some problems concerning cohomolog-
ical invariants and metric properties of complex non-Kéhler manifolds.
In Section 1, we review some basic notions and tools in complex ge-
ometry. In Section 2, we investigate cohomological properties and
topological aspects of complex manifolds. We introduce various com-
plex cohomologies and their properties, focusing in particular on the
structure of the double complex of differential forms. We also discuss
the 00-lemma and provide a numerical characterization in terms of
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Bott—Chern cohomology. In Section 3, we introduce Hermitian met-
rics and set the problems of studying canonical metrics. In particular,
we review partial results on the classification of complex threefolds
endowed with locally conformally Kahler metrics. In Section 4, we
focus on analytic problems related to the geometry of the Chern con-
nection on Hermitian manifolds, such as the existence of metrics with
constant Chern scalar curvature. In Section 5, we introduce geometric
flows for Hermitian metrics, with particular attention to the behavior
of the Chern—Ricci flow on Inoue surfaces. At the end of each section,
we collect some problems aimed at filling in details skipped during
the lecture or at extending the discussion towards other research di-
rections. The final Section 6 gathers, in a list that is by no means
comprehensive, some open problems in complex non-Kéahler geome-
try which the authors, from their admittedly biased perspective, find
particularly interesting.

Contents

1

The holomorphic landscape

1.1  Holomorphic manifolds and holomorphic maps . . . . . . . ..
1.2 Holomorphic vector bundles and line bundles . . . . . . . . ..
1.3 Almost-complex structures . . . . . . .. ... L.
1.4 Complex algebraic geometry and Kahler geometry . . . . . . .
1.5 Problems. . . . . . ...

Cohomological invariants of holomorphic manifolds

2.1 Double complex of forms . . . . .. .. ... ...
2.2 Complex cohomologies . . . . . . ... ... ... ... ....
2.3 Frolicher spectral sequence . . . . . .. . .. ... ... ...
2.4  00-Lemma property and formality . . . . . .. ... ... ...
2.5 Numerical characterization of the 90-Lemma property . . . . .
2.6 00-Lemma property under geometric transformations . . . . .
2.7 Problems. . . . . ...

Canonical Hermitian metrics and connections

3.1 Hermitian geometry . . . . . . . .. ... oo
3.2 Riemannian geometry in a nutshell . . . . ... ... ... ..
3.3 Hermitian connections and curvatures . . . . . . . . ... ...

10
10
13
14
14
17
21
22



3.4 Special Hermitian metrics . . . . . .. .. .. ... ...
3.5 Classification of LCK threefolds . . . . . . ... .. ... ...
3.6 Problems. . . . ... ... ...

4 Hermitian metrics of constant Chern scalar curvature
4.1 Chern-Yamabe problem . . . . ... ... ... ... .....
4.2 Liouville-type equation . . . . . . .. ... ... ... ... ..
4.3 The case of expected zero Chern scalar curvature . . .. . ..
4.4 The case of expected negative Chern scalar curvature . . . . .
4.5 The case of expected positive Chern scalar curvature . . . . .
4.6 Moment map picture . . . . . ...
4.7 Problems. . . . . . ...

5 Geometric flows in non-Kahler geometry
5.1 Geometric flows of Hermitian metrics . . . . . . . . . ... ..
5.2 Introduction to the Chern-Ricci flow . . . . . . . .. ... ..
5.3 Chern-Ricci flow for non-Kéahler Calabi-Yau manifolds . . . . .
5.4 Chern-Ricci flow on compact complex surfaces . . . . . . . ..
5.5 Chern-Ricci flow on Inoue surfaces . . . . .. ... ... ...
56 Problems. . . . . . ... ..

6 Open problems in complex non-Kéahler geometry
6.1 Geometric representatives of cohomological classes . . . . . . .
6.2 Topological obstructions to holomorphic geometry . . . . . . .
6.3 Almost-complex cohomologies . . . . . . ... ... ... ...
6.4 Topological obstructions to Hermitian geometry . . . . . . . .
6.5 Canonical Hermitian metrics . . . . . . .. ... .. ... ...
6.6 Classification of complex manifolds and surfaces . . . . . . ..

1 The holomorphic landscape

43
43
44
46
46
49
50
o1

54
o4
o4
596
o7
60
66

In this preliminary lecture, we introduce the basic tools that will be needed in
the subsequent sections to study the geometry and topology of holomorphic
manifolds, as well as the geography of their mysterious “boundary regions”
[Ste25a]. There are many excellent books on complex geometry, including
[Dem12b, Voi02b, Voi07a, Voi07b, GH94, MKO06, Zhe00, Lee24], as well as
more specialised references such as [Deml2a, Kod05, MM07, BHPVdV04,

BDIP02, Pop23].



1.1 Holomorphic manifolds and holomorphic maps

A holomorphic manifold X™ of complex dimension n is a topological space
that is Hausdorff and second-countable, and such that every point has a
neighborhood U homeomorphic to an open subset of €. Such a homeomor-
phism is called a local holomorphic chart, and is denoted

ov: U= op(U) C C

In the definition, we also require that the transition maps between overlap-
ping charts,

Yy © 3051 oo (UAV) eu(UNV) = op(UNV),

are biholomorphic, meaning that they are holomorphic bijections with holo-
morphic inverses.

We briefly recall that a function between open subsets of complex Eu-
clidean spaces is called holomorphic if it is of class C' and its differential
is C-linear at every point. The theory of holomorphic functions in several
complex variables shares many features with the one-variable theory, partic-
ularly from the analytic point of view. However, it also exhibits significant
differences, especially concerning geometric aspects.

Following [dB94], we prefer to use the term holomorphic manifold, rather
than the more common holomorphic manifold, as these spaces naturally
arise as objects in the category of holomorphic maps. A holomorphic map
f: X™ — Y™ between holomorphic manifolds is a function that is locally
given by holomorphic functions. More precisely, for any point z € X, any
local holomorphic chart (U, ¢y) of X with z € U, and any local holomorphic
chart (V,9y) of Y with f(z) € V, the composition 1y o f o ¢ : oy (U N
F~YV)) = 9y (V) is holomorphic between open subsets of the Euclidean
spaces C" and C™.

1.2 Holomorphic vector bundles and line bundles

One key aspect of holomorphic functions between Euclidean spaces, in one or
several complex variables, is that the homogeneous Cauchy-Riemann system
is elliptic. As a consequence, the maximum principle holds. In particular,
it follows that the space of holomorphic functions f: X — C on a compact
holomorphic manifold X consists only of constant functions. For this reason,
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the geometry of compact holomorphic manifolds is often studied through the
sections of holomorphic line bundles.

A holomorphic vector bundle of rank k over X is given by a holomorphic
surjective map 7: F — X, where each fibre E, := 7~!(z) is a k-dimensional
complex vector space. Moreover, the bundle is required to be locally trivial,
meaning that for every point z € X there exists an open neighborhood U > =
and a trivialization ¢y : 7= 1(U) = U x €, such that the restriction to each
fibre yields a linear isomorphism v¢y|g, : B, — {x} x €. On the overlap of
two trivializations, the corresponding transition function

Yy oy ppwrvy: (UNV) x € — (UNV) x CF

is of the form (x,v) — (x,g(z)(v)), where g(x) € GL(C*) is holomorphic
in x. There is a natural notion of morphism between holomorphic vector
bundles: it is a holomorphic map between the total spaces that commutes
with the projections and restricts to linear maps between fibres. A bundle
is said to be trivial if it is isomorphic to the product bundle X x €. The
space of holomorphic sections of E, that is, holomorphic maps s: X — FE
satisfying 7 o s = idy, is denoted by H°(X, E).

In particular, when k = 1, the bundle is called a holomorphic line bundle.
Holomorphic line bundles over X, up to isomorphism, form an abelian group
under the tensor product, known as the Picard group and denoted by Pic(X).
Let us briefly revisit the definition of a holomorphic line bundle. There exists
an open covering {U;}icr of X together with trivializations v;: 7= *(U;) —
U; x €, such that the transition functions ;o ¢; " iU U;NU;) x €C—
(Ui NUj;) x € are of the form

(QT,U) = (az,gij(as) : U)?

where each g;;: U; N U; — €* is a holomorphic function. The collection of
transition functions {g;;} satisfies the cocycle conditions:

gi=1 onU,, and Gri - Gjk - 9ij =1 on U; NU; NUy.

When a holomorphic line bundle is trivial, there exist holomorphic functions
{gi: U; — C€*}, such that

gij:gj'g;l OHUiﬁUj.

Conversely, given an open covering {U;}; of X and a collection of nowhere
vanishing holomorphic functions {g;;: U; NU; — C€*}, ; satisfying the cocycle
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conditions, one can construct a holomorphic line bundle over X. Such a
bundle is trivial if and only if there exist functions {g;}; as above such that
9i =95 9; -

This correspondence can be summarized by stating that the Picard group
is isomorphic to the first Cech cohomology group H'(X, %) with values
in the sheaf of germs of invertible (i.e., nowhere vanishing) holomorphic
functions, which, in turn, is naturally isomorphic to the sheaf cohomology
group H' (X, O%). By considering the exponential sequence of sheaves on X,

0= Zy ™ 0x 0y -0,
and passing to the associated long exact sequence in cohomology, we obtain
a map
c1: Pic(X) ~ HY(X,0%) = H*(X,Z),
which is called the first Chern class.

Central to classification results in complex geometry [BHPVAV04, Uen75]
is the canonical bundle K, defined as the determinant of the holomorphic
cotangent bundle, together with its tensor powers, the pluricanonical bundles.
A fundamental invariant is the Kodaira dimension, given by

. 0 ®f
Kod(X) := limsup log dim AT(X, Ky')
{—00 10g 14

Thanks to work by Serre and Siegel, this invariant can also be interpreted as

the maximal rank of the pluricanonical maps, away from their base locus.
In complex dimension 1, that is, for Riemann surfaces, the Uniformization
Theorem provides a complete classification: every complex curve is biholo-
morphic to a quotient of one of three model surfaces, the open unit disk, the
complex plane, or the Riemann sphere. In complex dimension 2, the En-
riques—Kodaira—Siu classification is well understood, except for the so-called
class VII: see [BHPVdAV04] for a comprehensive overview, and [Tell9] for
recent developments. In higher dimensions, we only mention the Minimal
Model Program, which plays a central role in the birational classification of
algebraic varieties, as well as its analytic counterpart with Ricci flow [ST17].

€ {—0,0,1,...,dim X }.

1.3 Almost-complex structures

Any holomorphic manifold X of complex dimension n is, in particular, also
a differentiable manifold of real dimension 2n. Indeed, given a local holo-

morphic chart ¢: U = o(U) C € with coordinates ¢ = (2%,...,2"), one
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can write each complex coordinate as 2* = 2’ 4+ /—1y, where 2%, 4" are real-
valued functions on U. Then the tuple (U, (z*,y', ..., 2", y")) defines a local
differentiable chart for X. In particular, {9/az?,9/ayi}!_ | forms a local frame
for the real tangent bundle T'X. Since every complex linear map, when re-
garded as a real linear map, has non-negative determinant, it follows that
the underlying differentiable manifold of X is orientable.

We have a well-defined endomorphism J of the tangent bundle TX, lo-

cally given by
Ja/(‘)a:i = a/8yi, Ja/ayi = —3/851:1'.

This endomorphism satisfies J? = —id and encodes the pointwise linear
complex structure on the tangent spaces, varying smoothly with the point.
An endomorphism J € End(TX) satisfying J* = —id is called an almost-
complex structure.

Conversely, an almost complex structure J on a differentiable manifold
X is locally induced by holomorphic coordinates if and only if the bundle of
v/—1-eigenspaces, defined by

THX ={v—+vV-1Jv:veT, X} CT,X ®RC,

is involutive. This is the content of the celebrated Newlander—Nirenberg the-
orem [NN57]. Equivalently, this condition holds if and only if [V'1:0, W10]%1 =
0 for any vector fields V and W, where V = V10 4 V%! denotes the decom-
position with respect to the decomposition 7X @k € = T0X @ T%' X with
TO'X = T10X. The tensor N;(V, W) = [V1O W0|%1 is called the Nijenhuis
tensor of J.

In even real dimensions greater than four, there are no known examples of
orientable differentiable manifolds that admit almost-complex structures but
do not admit any integrable complex structure. For instance, it is an open
problem whether the six-dimensional sphere S admits an integrable complex
structure, see [ABG*18] and the references therein. See also [AM19] for a
conjecture by Sullivan on the minimal sum of Betti numbers of a compact
complex n-fold, with n > 3 being four.

1.4 Complex algebraic geometry and Kahler geometry

The first examples of compact holomorphic manifolds are the complex torus
€ /z» and the complex projective space CP™ = €*"\0/¢\o. Another funda-
mental construction is as follows. Consider a homogeneous polynomial in
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n + 1 variables with no multiple roots. Its zero set in CP" defines a com-
pact holomorphic manifold of complex dimension n — 1. More generally,
the zero set of a finite number of homogeneous polynomials defines a com-
pact holomorphic manifold, provided that the polynomials are sufficiently
generic to assure smoothness. Many geometric properties of such manifolds
are indeed encoded in the ideal generated by its defining polynomials (see
e.g. [Hiib92]), which explains the name algebraic projective manifolds. For
example, a smooth hypersurface X of degree d in CP™ has canonical bundle
isomorphic to Ox(—n —1+d). In particular, for d = n+ 1, the hypersurface
X is a Calabi-Yau manifold.

The examples X discussed above share a common property: there exists
a Hermitian metric g that osculates to order 2 the standard Hermitian inner
product of C". Specifically, this means that for every point x € X, there

exist local holomorphic coordinates (2!, ..., 2") on a neighbourhood U such
that g = >0, (dij +0(2)) dz' ® dz’ at x. Such metrics are known as Kdhler

metrics, see [SvD30, K&h32], since [Wei58]. Equivalently, a Hermitian metric
is Kéhler if and only if its associated 2-form w is symplectic, meaning that
dw = 0. Indeed, on CP™ with homogeneous coordinates [2° : 2! : -+ : 2"], the
Fubini-Study metric [Fub04, Stu05], defined as wrg = /ardd®log(>", |2"[*),
is a Kahler metric. This metric naturally induces a Kéahler metric on any
submanifolds. More precisely, Kahler geometry is a sort of transcendental
analogue [Dem12a] of algebraic geometry. More precisely, it is well-known
[Kod54] that a compact Kéhler manifold is an algebraic projective manifold
if and only if its associated 2-form w defines a rational cohomology class [w] €
H?(X,Q). Kéhler geometry lies at the intersection of complex, Riemannian,
and symplectic geometries. Each of these perspectives provides specific tools,
and their compatibility allows for easily switching between these points of
view. This interplay makes Kahler geometry nearly as powerful as algebraic
geometry itself.

Since Kahler geometry “represents a perfect synthesis of the Symplectic
and the Holomorphic worlds”, it is meaningful to perform “a sort of chemical
analysis of symplectic and holomorphic contribution [...] in order to better
understand the role of the different components of the theory” [DBT13] For
this reason, we are interested in investigating the broad class of complex
non-Kdhler manifolds.



1.5 Problems
Exercise 1. Prove that every almost-complex manifold is orientable.

Exercise 2. Show that the complex projective space CIP™ is a complex man-
ifold.

Exercise 3. Consider the sphere S?> C IR3. Let A\ denote the vector cross
product in R®. Recall that, by identifying R® with the space of imaginary
quaternions Im(H ), the cross product can be expressed as v Ay = Im(x - y),
where the product is taken in the quaternion algebra H. Observe that the
tangent space at a point p € S? is given by T,5* = {p}*. Prove that the
endomorphism

Jp(v) =vAp

for v € T,S? defines an almost-complex structure on S?, and that it is inte-
grable. Finally, prove that S? is biholomorphic to CIP'.

Exercise 4 ([Kir47]). Consider the sphere S® C IR” = Im O, where O denotes
the algebra of octonions. Define an endomorphism

Jp(v) :==Im(v - p),

forv € T,S%. Show that J, defines an almost-complez structure on S®. Prove
that the failure of associativity of octonions implies that this almost-complex
structure is not integrable.

Remark. By atheorem of Borel and Serre [BS53], the only spheres that admit
almost-complex structures are those of dimension 2 and 6, see, for instance,
[KP18]. Regarding the existence of an integrable almost-complex structure
on the six-dimensional sphere, an open problem known as the Hopf problem,
we refer to [ABG'18]. Extending the exercise, note that there are no complex
structures on the six-dimensional sphere that are compatible with the round

metric [Bla53, LeB87], see also [Ferl8]. O

Exercise 5. On C"\ {0}, consider the action of Z generated by the holo-
morphic contraction

(21, ..y 2n) (%zl,...,%zn).

Show that the quotient (©\{0})/z is a compact complex manifold, called a
Hopf manifold, and that it is diffeomorphic to S* x S*~1.



2 Cohomological invariants of holomorphic man-
ifolds

In this section, we introduce the double complex of differential forms and
its associated cohomologies. For recent and in-depth developments on the
double complex of complex manifolds and its homotopical and cohomologi-
cal invariants, we refer to [Ste25a, Ste21b, Ste22, Ste25¢] and other works by
Jonas Stelzig. We focus in particular on the cohomological decomposition
property known as the 90-Lemma property, providing a numerical character-
ization following [AT13], and studying its behavior under natural geometric
constructions. Compact quotients of Lie groups provide a rich source of
examples where explicit computations can be carried out.

2.1 Double complex of forms

The action of an almost-complex structure J on a differentiable manifold X
induces a decomposition of the complexified tangent bundle,

TX o C=T"X o T X,

into the eigenspaces of J corresponding to the eigenvalues v/—1 and —v/—1,
respectively. This decomposition extends naturally to the its dual, the com-
plexified cotangent bundle and, more generally, to all its exterior powers.
More precisely, the bundle of differential forms decomposes into bigraded
components as

/\kT*X ®|R d: = @ /\pqu’ where APY? X = /\pT* 1,0X ® /\qT* 0’1X.
p+q=k

Denote by QP7(X) the space of the corresponding smooth sections. Accord-
ingly, the exterior differential d: QP9(X) — QPTHIT*(X) @ € on (p,q)-
differential forms decomposes into components. In general, the exterior dif-
ferential has four components:

d: QX)) — PPHX) @ PTH(X) @ QP (X) @ QT (X)),

The integrability of J is equivalent to the condition that only the following
differential operators remain non-zero:

0: QPUX) = X)), 9 QX)) = QPT(X).
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In this case, the equation d* = 0 assures that
P =00+90=0 =0.

In other words, (2*°*(X),d, ) has the structure of a double complex.
The following theorem describes the structure of a double complex in
terms of its elementary components.

Theorem 1 ([Ste21b, KQ20]). Every double complex is a direct sum of inde-
composable double complexes, each of which is either isomorphic to a square
or to a zigzag.

In the following diagrams, we depict only the non-zero morphisms, cor-
responding to 0 (horizontal arrows) and 0 (vertical arrows). A square is a
double complex consisting of anticommuting isomorphisms:

C-2.¢C

1

C—2.¢C

where all maps are the identity up to a sign. A zigzag is a double complex
concentrated in at most two antidiagonals, where all non-zero vector spaces
are isomorphic to €, all non-zero maps are the identity, and all non-zero
vector spaces are connected by a chain of maps:

(IT: or C—MJT: or G:—NT: or GT:
C—C C C—C C—

a—e

The total dimension of a zigzag, namely the number of vertices, is called
its length. A zigzag of length one is also called a dot, and corresponds to a
one-dimensional double complex with all differentials equal to zero.

For example, based on the results by Ugarte [Uga00] on the Frolicher
spectral sequence of a hypothetical complex structure on the six-dimensional
sphere, one can construct the double complex associated with such a struc-
ture [Angl8], as shown in Section 2.1.
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Figure 1: Main structure of the double complex associated with a hypothetical
complex structure on the 6-dimensional sphere. The labels indicate the multi-
plicity of the respective objects, and «, h%2, 3, h'9 hL! denote undetermined
non-negative integers. In this diagram, infinite families of squares, as well as ar-
rows resulting from symmetries have been omitted (complex conjugation yields a
symmetry with respect to the bottom-left/top-right diagonal, and Serre duality
yields a symmetry with respect to the bottom-right /top-left diagonal).
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2.2 Complex cohomologies

Associated to a double complex, several cohomologies can be defined. As we
will see in Section 3.1, on compact holomorphic manifolds, they are always
finite-dimensional.

The Dolbeault cohomology

ker 0

im 0
is the cohomology of the sheaf Oy of germs of holomorphic functions; its con-
jugate H3*(X) is defined similarly. In terms of indecomposable components,
the Dolbeault cohomology is computed by removing all vertical arrows along
with their endpoints from the double complex diagram, and then counting
the remaining vertices. Similarly, the conjugate Dolbeault cohomology is
obtained by erasing the horizontal arrows. In particular, note that squares
do not contribute to either cohomology, while dots always contribute. Also
note that zigzags of odd length do not contribute to the difference between
Dolbeault and de Rham cohomology.

The Bott-Chern cohomology [BC65] is defined as
.o _ kerd

Hic(X) im 90’

and its “dual”, the Aeppli cohomology [Aep65], as

ker 00
imd+imo
For a sheaf hypercohomology interpretation of Bott-Chern and Aeppli coho-
mologies, see [Dem12b, Sch07]. In terms of indecomposable elements in the
double complex diagram, Bott-Chern cohomology counts the corner elements
that may have incoming arrows, except for the squares:

H*(X)

HE*(X) =

o——>e
/I\
|
|
(]
Dually, Aeppli cohomology counts the corner elements that may have outgo-
ing arrows, except for the squares:
O
/r
|
|
e— -0
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2.3 Frolicher spectral sequence

The structure of the double complex induces a natural filtration on the total
complex of complex differential forms (Q2°(X; C), d), given by

FPOM(X,0) = @ 9 (X).

r4+s=k
r>p

By the general theory of spectral sequences, see for instance [McCO01], one ob-
tains the Frélicher spectral sequence [Fr655], namely a sequence of differential
complexes {(E®*,d,)},, where d,: EP? — EPT4="+1 guch that

E}* = Hg'(X), with dy = [0,

E;-’:l = H.7.<Er7 d?")v

EPt = (X, C).

The last condition means that d,. = 0 for all sufficiently large r, so that the
sequence stabilises at some E2°, and

EPDY ~ FPHjR(X,€) /Frl b, (X, ©),

where F' denotes the induced filtration in cohomology. In particular, since
Hip(X,C) = @, FrH{r(X. O /rriuk, (x,0), and since at each step of the spec-
tral sequence we have dim £, ; < dim F,., we obtain the Frolicher inequality:

b < Z hP
pH+q=k

where by denotes the k-th Betti number and h”? denotes the (p, ¢)-th Hodge
number, that is, the dimension of the Dolbeault cohomology group Hg’q(X ).
Recently, Bei and Piovani [BP25] proposed a new proof of the Frolicher in-
equality based on the use of harmonic forms.

2.4 00-Lemma property and formality

Note that the identity map induces natural morphisms between the various
cohomology groups introduced above. Together with the Frolicher spectral
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sequence, this yields the following diagram:

Hpe(X)

SN

N

Hy

A compact holomorphic manifold is said to satisfy the 00-lemma property
if the natural map Hpc(X) — Ha(X) induced by the identity is injective.
This is equivalent to the condition that all the maps in the above diagram
are isomorphisms, thanks to [DGMS75, Lemma 5.15]. In other words, every
d-closed (p, q)-form is d-exact if and only if it is d0-exact. This condition
is also equivalent to: (i) the degeneration of the Frolicher spectral sequence
at the first page, i.e., Eo = Fi, (ii) together with the property that the
filtration induces a Hodge structure of weight & on the de Rham cohomology
group H%,(X; €), namely,

Hin(X,€) = P (FPH(X, € 0 FHE(X,0)).

pta=k

see [DGMST75, Remark 5.21]. We will denote HP4(X) the subgroups in the
right-hand side, which are canonically isomorphic to HZ?(X), as well as to

any other cohomology, under the 99-lemma. In terms of the indecomposable
elements, this means that there are no zigzags of length greater than one,
but only squares and dots.

This property is crucial, for instance, in describing the set of represen-
tatives of a real de Rham cohomology class of type (1,1). Indeed, given
[a] € HM (X)), we have

[a] = {a+\/—_185f : fECOO(X;R)},

so that a cohomological condition reduces to a scalar problem.

Another crucial consequence of the 90-Lemma is the following. Accord-
ing to Sullivan’s theory [Sul77], the rational homotopy type of a differentiable
manifold is encoded in the differential graded algebra (DGA) of differential
forms. A manifold is said to be formal if its de Rham complex (2°(X),d) is
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connected to its cohomology algebra (H*(X,R),d = 0) by a chain of quasi-
isomorphisms of DGAs. In particular, this means that the rational homotopy
type of a formal manifold is completely determined by its de Rham cohomol-

ogy.
Theorem 2 ([DGMST75)). Compact complex manifolds satisfying the 90-
Lemma are formal.

Proof. Consider the operator d® = J~'dJ = —/—1(0 —0), and the following
diagram:
(ker d¢, d)
(€2°(X),d) (H3(X),d)

where H3.(X) := kerd®/imd°. To prove formality, it is enough to show
that, under the assumption of the 99-Lemma property, both i and p induce
isomorphisms in cohomology, and that the induced differential on Hj.(X)
vanishes. Observe that the 00-Lemma can also be formulated in terms of
the real operators d and d¢, in place of d and 0, which is often preferable
when working with real-valued forms.

We start by proving that i* is surjective. Let a = [2] € Hyr(X, R). Then
d°z is both d-closed and d®-exact. The 90-Lemma guarantees that d°z is
also dd‘-exact, that is, there exists z such that d°z = dd°z. It follows that
a + dz is d°-closed and represents the same de Rham class as [z], hence
a = i*([x + dz]). Therefore, i* is surjective. To show that i* is also injective,
suppose that y € ker d° is d-exact. Then y = dz, and the 90-Lemma implies
that y is also dd-exact, i.e. y = dd“w for some w. Hence, y = d(d“w), and
d°w € kerd€, so y is the d-differential of a d°-closed form. Thus,  represents
the zero class in H (ker d°, d), proving injectivity.

Note that the differential induced by d on Hge(X) is trivial. Indeed, if
d°y = 0, then the 9-Lemma applied to dy implies that dy = dd“w for some
w. In particular, dy € imd®, so [dy] = 0 in Hye(X).

Finally, we prove that p* is an isomorphism. Let [y] € Hj.(X). Then dy
is both dé-closed and d-exact. By the 90-Lemma, it follows that dy = dd°w
for some form w. Thus,

[y] = [y + dw] in H3(X),
and d(y + d°w) = dy + dd°w = dy — dy = 0, so y + d°w € kerd. This proves
that p* is surjective. Conversely, suppose y € kerd satisfies dy = 0 and
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[y] = 0 in H3.(X), that is, y = d°w for some w. Applying the 9-Lemma
again, we get y = dd°z for some z, which implies that y is exact in the
complex (ker d, d). Hence, p* is injective. ]

The wedge product endows the de Rham cohomology with the structure
of a graded-commutative algebra. However, in general, it is not possible to
choose a set of differential form representatives that is closed under the wedge
product. For instance, as first observed by Sullivan [Sul77], there exists an
“incompatibility between the wedge product and the harmonicity of forms”
on a compact differentiable Riemannian manifold. By the homotopy transfer
principle [Kad80], any choice of cohomology representatives inherits an A.-
algebra structure in the sense of Stasheff [Sta63]. The first operation is
my = 0, the second operation my is induced by the wedge product followed
by projection to cohomology, and the higher operations my for £ > 3 are
related to Massey products [LPWZ09, BMFM20, Pos17]. When this A..-
structure reduces to a strict algebra, i.e. all m, = 0 for k # 2, the manifold
is formal. For a study of Massey products and A, -structures in Bott-Chern
and Aeppli cohomologies, see [AT15, TT17, Ste25¢, CGVSG25, PTW25].

2.5 Numerical characterization of the 99-Lemma prop-
erty
The 00-Lemma property can be numerically characterized solely in terms of

the Bott-Chern cohomology (note that, on a compact manifold, dim HY(X) =
dim H 7" 4(X), as we will see in Section 3.1).

Theorem 3 ([AT13]). Let X be a compact holomorphic manifold. For any
k € Z, define the integer

Ap = (dim HEEL(X) + dim HYY(X)) — 2B,

pta=k

where by is the k-th Betti number of X. Then, Ay >0 for all k. Moreover,
X satisfies the 00-Lemma property if and only if A, =0 for all k.

Proof. The idea is that Dolbeault cohomology does not take horizontal ar-
rows into account, while conjugate Dolbeault cohomology ignores vertical
arrows. Bott-Chern cohomology counts the indecomposable corner elements
that may have incoming arrows, and Aeppli cohomology counts those that
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may have outgoing arrows, in all cases squares being excluded. Therefore, by
purely combinatorial arguments, one sees that the sum of the dimensions of
Bott-Chern and Aeppli cohomologies is greater than or equal to the sum of
the dimensions of Dolbeault and conjugate Dolbeault cohomologies, which
in turn is greater than or equal to twice the Betti number, by the Frolicher
inequality. Moreover, both inequalities become equalities if and only if the
double complex decomposes as a direct sum of squares and dots, that is, if
the manifold satisfies the 00-Lemma property.

For a more detailed argument, we recall the exact sequences introduced by
Varouchas [Var86]. Define the following finite-dimensional bi-graded vector
spaces:

e . M an im 87 Bee . ker 0 N im 87 oo k_er@é? |
im 90 im 90 ker 9 +im 0

pes . M on k_er@7 e . ker 00 e lier(%? ‘
im 00 ker 9 +im 0O ker O + ker 0

For simplicity of notation, lowercase letters will denote the dimensions of
the corresponding vector spaces, e.g. a”? := dim AP, bzl := dim HRL(X),
and similarly for the others. We also define a* := > pta—i @9, hhe =

Zp+q:k h%‘é, etcetera.
One has the following exact sequences [Var86, §3.1]:

0= A — B** — H3*(X) = HY"(X) = C** =0, (1)

0— D** = Hpo(X) = Hy*(X) — E** = F** = 0. (2)
As noted in [Var86, §3.1], conjugation and the isomorphisms

~

0:0% 5 Dt 9 Evt 5 Bethe

imply the relations a4 = a?P, fP9 = fIP Pl = pIP P4 = ¢®P and
4 — 7+1 4 — +17
CPQ_dpq 7€pq_bp q.

We are now ready to prove the Frolicher-type inequality for Bott-Chern
cohomology. For any p, ¢, using the conjugation symmetries and the exact
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sequences above, we have
B, 4 W
— i+ b
= BP9 4 BIP 4 PO | gD 4 g P Py 0P
9 B
— h%q + hqu + fILq + ap’q
> W20 4 pbe,
Since the Frolicher inequality states that h% > by, it follows that A, > 0 for
all k.
Let us now assume that equality A, = 0 holds for all k. This implies
that both a* = f¥ = 0 and that the Frolicher inequality is an equality. The
latter condition means that the Frolicher spectral sequence degenerates at

the first page. We will now prove that the condition a**!' = 0 implies that
the natural map
D Hii(X) = Hig(X.C)
pt+q=k

is surjective. This will suffice, since the inequality h%. > by, together with
the condition Ay, = 0 and the duality h%;? = h52"" "7 (see Section 3.1), implies
that h%. = by, meaning that the natural map is indeed an isomorphism. This
is equivalent to the 90-Lemma property.

To prove the claim, let a = [a] € H5,(X, C). We need to show that a ad-
mits a representative whose pure-type components are d-closed. Decompose
« into its pure-type components:

k
o= Z(—l)jak_j’j.
=0

The condition da = 0 is equivalent to the system

aak,ﬂ — 07
Oak=933 — 9af~i-1itl — (o  for j=0,...,k—1,
0a%F = 0.

Note that, for each j € {0,...,k—1}, the (k+ 1)-form daf =97 = Gak=I =171
is both -exact and d-exact. By the assumption a1 = 0, it follows that this
form is also d9-exact. Therefore, there exists n* =7~ € AF=3=1J X such that

Dok = ak=i—Litl — ggykili.
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It then follows straightforwardly that each pure-type component of

a+d <Z(-1)J’ nk—f—1d'>

§=0
is closed, thus proving the claim. O

We also have an upper bound for the dimension of Bott-Chern cohomol-
ogy in terms of Hodge numbers. Note that a purely topological upper bound
is not possible, since even-length zigzags contribute to Dolbeault cohomology
but not to de Rham cohomology.

Theorem 4 ([AT17]). Let X be a compact holomorphic manifold, of complex
dimension n. Then, for any k € Z, there holds

hE o < minfk + 1, (20 — k) + 1} - <h§ + hg”)
<(n+1)- (h§+ hg‘1> :
The same inequality holds try for the Aeppli cohomology. In particular,
Bk — Wyl < 2(n+1) (hg+ h%“) .

Moreover, X satisfies the 00-Lemma property if and only if

D e —1h] = 0.
keZ

Proof. The key idea is that any zigzag of length ¢ + 1, situated between
total degrees k and k + 1, produces exactly two non-trivial classes in either
Dolbeault or conjugate Dolbeault cohomology at degree k or k£ + 1, and at
most [£] +1 < min{k+1, (2n—k)+1} < n+1 classes in Aeppli cohomology
at degree k.

For the characterization of the d0-Lemma property, recall that Bott-
Chern cohomology counts corners with possible incoming arrows, while Aep-
pli cohomology counts corners with possible outgoing arrows, except for
squares. Therefore, the hypothesis can be restated as follows: for any anti-
diagonal, the number of incoming arrows equals the number of outgoing ar-
rows, except for squares. Since no incoming arrow can enter the anti-diagonal
of total degree zero, it follows that there are no positive-length zigzags in the
entire diagram. This precisely characterizes the 90-Lemma property. ]
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The wedge product on differential forms induces a natural algebra struc-
ture on Bott-Chern cohomology, while Aeppli cohomology carries only a
module structure over Hpe. On a compact manifold, integration defines
a non-degenerate pairing on both de Rham and Dolbeault cohomologies, see
Section 3.1. The corresponding duality combines Bott-Chern and Aeppli
cohomologies, as established by Schweitzer [Sch07]. This duality motivated
the construction in [AT15], where both Bott-Chern and Aeppli cohomologies
were used to extend the notion of triple Massey products. In the broader
context of developing an A..-algebra structure on Bott-Chern cohomology,
potentially involving higher-order Massey products, one might consider as-
suming that the Bott-Chern pairing is non-degenerate. However, this turns
out to be too strong an assumption.

Corollary 5 ([AT17]). Let X be a compact complex manifold. The natural
pairing

Hye(X) x Hy(X) = C, (o], [8]) — /X anB,

is non-degenerate if and only if X satisfies the 00-Lemma property.

2.6 00-Lemma property under geometric transforma-
tions

In the following section, we briefly recall some results concerning the be-
haviour of the 00-Lemma property under natural geometric operations.

Theorem 6 ([DGMST75]). Let X and Y be compact holomorphic manifolds
of the same dimension, and let f: X — 'Y be a holomorphic bimeromorphic
map. If X satisfies the 00-Lemma property, then so does Y. In particular,
Moisezon manifolds [Moi66] and manifolds in class C of Fugiki [Fuj78] satisfy
the 00-Lemma property.

Theorem 7 ([Ste2lb]; see also [ASTT20, RYY19]). Let X be a compact
holomorphic manifold, and let Z C X be a holomorphic submanifold. If
both X and Z satisfy the 00-Lemma property, then the blowup of X along Z
also satisfies it. In particular, for compact complex threefolds, the 00-Lemma
property is invariant under modifications.

Theorem 8 ([Voi02b, Wu06, AT13)). Satisfying the 00-Lemma property is
a stable property under small deformations of the complex structure, in the

sense of [Kod05].
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2.7 Problems

Exercise 6. Let X be a differentiable manifold endowed with an almost-
complex structure J. Prove that J is integrable if and only if d = 0 + 0.

Exercise 7 ([DGMS75, Lemma 5.15]). Let (A**,0,0) be a bounded double
complex of vector spaces, and denote by (A® = @pﬂ:. APY d =0+ 5) the
corresponding total complex. Prove that, for any k, the following conditions
are equivalent:

a), kerdNkerdNimd = imdd in A*,
b), ker0Nimo = ker d Nimd = im 9 in AF,
¢)n kerdNkerdN (im 9 + im d) = im 99 in A*,

(
(
(
(a*)p_1 iMm I +imd + kerd = ker 90 in A1,

(b*)p_1 im0 +ker @ = im d + ker 0 = ker 99 in A~
(¢*)p_1 iMm A +1im I + (ker 0 Nker 9) = ker 99 in A*L.

Exercise 8 ([CF01, Lemma 9]). Let G be a Lie group, and denote by g
its associated Lie algebra. Let T' be a discrete subgroup, acting on G on
the left, such that the quotient X = G/r is compact. Consider the space
of left-invariant forms on G, which is isomorphic to the finite-dimensional
vector space \°g* and induces a subcomplex Q*(X)Y of the de Rham complex
(Q*(X),d). Prove that the inclusion induces a injective map in cohomology.

Hint. Construct a left-invariant metric on X, and use the fact that each
cohomology class admits a unique harmonic representative. O]

Exercise 9 ([Nomb4]). Let X be a nilmanifold, namely a compact quotient
G/r of a nilpotent Lie group by a discrete subgroup. Prove that the inclusion
QO (X)Y — Q*(X) induces an isomorphism in cohomology.

Hint. Use the fact that a nilmanifold can be realized as a tower of principal
torus bundles. Then apply the Leray—Serre spectral sequence to the associ-
ated fibrations, as well as the Serre-Hochschild spectral sequence at the level
of Lie algebras. O
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Remark. The Nomizu theorem states that the de Rham cohomology of the
nilmanifold X is entirely determined by the finite-dimensional complex A®g*,
which indeed serves as a Sullivan model [Sul77]. This result extends more
generally to compact quotients of completely solvable Lie groups [Hat60], but
not to arbitrary solvmanifolds [DBT06]. Nevertheless, various techniques
have been developed to compute the de Rham cohomology for solvmanifolds
[Gua07, CF11, CFK16]. Analogous results hold for the Dolbeault cohomol-
ogy of special classes of complex structures on nilmanifolds, see for instance
[CF01, Rolll] and the references therein. Kasuya [Kasl3] developed tech-
niques for computing the Dolbeault cohomology of solvmanifolds. These
techniques can also be extended to Bott-Chern and Aeppli cohomologies

[Angl13, AK17al. O

Exercise 10. Let G = Heis(3, C) be the three-dimensional Heisenberg group,
consisting of matrices of the form

1 Z1 X3
0 1 221,
0 0 1

where z1, 20,23 € C. Consider the subgroup I' C G consisting of matrices
whose entries are Gaussian integers, acting on G by left multiplication. The
quotient X = G/r is a compact complex manifold called the Twasawa manifold,
whose holomorphic tangent bundle is trivial [Nak75]. Compute the complex
cohomologies of X .

Hint. Fix the left-invariant coframe
<P1 = dz, 902 = dz, 803 =dz3 — 21dz

for the holomorphic cotangent bundle. The corresponding structure equa-
tions are:

dp' =0, dp®=0, dp’=—p"'Ng”
Show that the double complex of left-invariant forms has the structure in Fig-

ure 2. Then compute the various cohomologies by counting the contributions
from each component, as depicted in Figure 3. [

Exercise 11. Let X be a differentiable manifold. Define a partially de-
fined operation on the de Rham cohomology HJn(X,R) as follows. Let ajy =
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Figure 3: Cohomologies of the Iwasawa manifold.
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[1s] € HY2 (X, R), ags = [cras] € HEP (X R), asy = [ase) € HE(X,R) be

three cohomology classes such that
aig a3 =0 and ass-ass = 0.
This means there exist forms cyz and awy such that
(—1)""12|a12 A a3 = das, (—1)‘“23@23 A zq = dovgy.
Then the triple Massey product is defined as
(a12, 23, 34) := [(—1)‘0(12‘0412 A g+ (=1)l*13la5 A ) -

Show that this class is well-defined in H\a?Mo#H=1 X RY modulo the
indeterminacy

ays - nggs\ﬂaul—l(X’ |R) T gy - ngzl2|+|a23|_1(X= |R).

Inductively extend this construction to define higher-order Massey products.
Finally, prove that on a formal manifold, all Massey products of any order
vanish.

Exercise 12 ([CFG86, BG8S, Has89]). Prove that a nilmanifold satisfies the
00-Lemmoa if and only if it is a complex torus.

Exercise 13 ([Voi02b, Wu06, AT13]). Prove that the 00-Lemma property
1s stable under small deformations of the complex structure, in the sense of

[Kod05].

Hint. Use the fact that, thanks to Hodge theory, the dimensions of the coho-
mology groups vary upper semi-continuously under small deformations. Then
exploit the numerical characterization of the 99-Lemma property. Note that
the property is not necessarily closed under deformations, see for example
[AK17b]. O
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3 Canonical Hermitian metrics and connec-
tions

In this section, we introduce the fundamental tools of Hermitian geometry
and review several results concerning canonical Hermitian metrics and con-
nections, largely inspired by the foundational work of Paul Gauduchon. The
exposition partly follows the recent survey [Ang25]. In the final section, we
focus on threefolds admitting locally conformally Kéhler metrics and present
some partial results toward their classification, following [APV23, APV25].

3.1 Hermitian geometry

Thanks to the paracompactness property, we can take the (pullback of) the
standard Hermitian inner product on each holomorphic chart and then glue
them together using a partition of unity. This construction yields a Hermitian
metric on X, defined as a family of Hermitian inner products h, on each
complex vector space (1, X, J,), varying smoothly with € X. Via the linear
isomorphisms (T, X, J,) ~ (TH°X,/—1) ~ (T%!'X, —/—1), this induces a
family of Hermitian inner products on each fibre of TX @k €. Decomposing
this inner product into real and imaginary parts, say ¢ — v/—lw, we obtain:
a Riemannian metric g on X, for which J acts as isometry; a J-invariant 2-
form w on X, satisfying w(V, JV') > 0 pointwise for any nowhere-zero vector
field V. Since w = g(J_, ), we will refer to a Hermitian metric either as g or
w without ambiguity.

Once a Hermitian metric is fixed on a compact holomorphic manifold
X, the associated volume form w” induces an inner product on the space
of global differential forms. Indeed, the pointwise Hermitian inner product
extends naturally to tensor spaces, and hence to the space of differential
forms. For a, 8 € QF(X), we define

(a,B) = /ng(ax,ﬁm)w.

This allows us to define the codifferential operator d*: Q*(X) — Q¥ 1(X) as
the formal adjoint of the exterior differential:

(d*a, B) = (a,dB) for all o € QF(X), B € QF1(X).
Analogously, we define the formal adjoints of the Dolbeault operators:
O QPIUX) — QPTH(X), 9 QPI(X) — QPY(X).
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We can give an explicit expression for the adjoint operators by using the
Hodge star operator. Define the C-linear map

x: QPUX) — QP IP(X)
by the condition that, for any «, f € QP9(X),

aAxfp = gla, B)w.

Therefore, (noting that the real dimension of X is even,) we obtain the
identities:

d* = — * dx, OF = — x O, 9 =—%x0x*.
Lastly, we define the de Rham Laplacian by
A= 1d,d"] = dd* + d'd,

which, locally and up to a sign, coincides with the classical analytic Laplacian
on functions. Similarly, we define the Dolbeault Laplacians:

0:=00 +9 9, O0:=00" +9*0.

All these operators are self-adjoint elliptic differential operators, see e.g.
[Wel08, Section IV.2]. In particular, we can apply the Hodge theorem [Hod89)]
to obtain an orthogonal decomposition (analogously for the other operators):

Q*(X) =kerO®imd G imd",
from which we deduce the isomorphism

H**(X) > H2*(X).

We can also construct a Laplacian suitable for computing Bott—Chern coho-
mology. Starting from the non-elliptic operator 8 0 + §*9 + (00)(00)*, one
can modify it to obtain an elliptic operator without altering its kernel:

Apc = (00)(9D)* + (90)* (D) + (8°9)(8 0)* + (9 0)*(8'd) + 0 8 + 9*D.

This operator was first introduced in [KS60], and later studied in detail by
Schweitzer [Sch07]. Also in this case, one has a Hodge-type decomposition
and an isomorphism

H32.(X) =~ ker Apg,
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see [Sch07]. Analogous results hold for Aeppli cohomology, by considering
Ay =00 +00 + (00)*(00) + (00)(0)* + (00*)*(0*) + (00*)(09*)*.

There are some immediate applications of the harmonic theory. First, on
a compact holomorphic manifolds, de Rham cohomology, Dolbeault coho-
mology, Bott-Chern and Aeppli cohomologies are finite-dimensional vector
spaces. Second, note that *A = Ax, while *[J = Ok and *Apgc = Ayx,
which realize the dualities

HYo(X,€) ~ H¥F(X,€)  (Poincaré),
HEYX) ~ H;7P"(X)  (Serre),
HEpo,(X) ~ Hy ™" (X).

3.2 Riemannian geometry in a nutshell

To fix notation and motivate the next section, we begin by recalling the
underlying Riemannian framework. For further details and a comprehensive
treatment, we refer the reader to the classic reference [Bes08].

Let g be a Riemannian metric on a differentiable manifold M. The
Levi-Civita connection is the unique affine connection D on M that pre-
serves ¢ (i.e., Dg = 0) and is torsion-free (i.e., T = 0 where T(V, W) :=
DyW — Dy V — [V, W]). This connection is fully determined by the Koszul
formula: 2g(DyW,2) =VgW,Z)+Wg(Z,V)— Zg(V,W)+ g([V, W], Z) —
g((W, Z],V)+g([Z,V],W). 1t defines a curvature tensor R(V, W) = Dy —
[Dy, D], which can be interpreted as a End(7°X)-valued 2-form. We can
also interpret the curvature in the following way. Consider a to be a dif-
ferential k-form with values in 7M. Define the exterior derivative d” asso-

A~

ciated with D by (d?a)(Vo,..., Vi) = >,(=1)'Dvi(a(Vo, ..., Vi,..., Vo)) +
Zi#(—l)i”a([%, Vil, Vo, - .. Vi, ,Xj, ..., X,), where “X,;” means skipped.
Then R = —(d”)? measure the failure of d” to be a genuine differential.
The curvature tensor satisfies several additional symmetries. It is clear that
R(V,W) = —R(W,V), and we also have the identity g(R(V,W)Z,Y) =
—g(R(V,W)Y, Z). Moreover, R Aid = 0 (known as the first, or algebraic,
Bianchi identity) and d” R = 0 (the second, or differential, Bianchi identity),
see [Gaulb] for details. The curvature tensor contains exactly the information
about the sectional curvatures K(V, W) = 9BV, W)V,W) Jg(v, v)g(W, W) — g(V, W)?)
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of any plane o, = span{V, W} C T, X at p, which correspond to the Gaus-
sian curvature of the surface whose tangent plane at p is o,. Still, interest-
ing information is encoded in the Ricci curvature, defined as Ric(V, W) =
tr(Z — R(V, Z)W). Lastly, another important metric invariant is the func-
tion s = tryr, called the scalar curvature.

In order to find canonical metrics, unique up to automorphisms and en-
coding the topological or differentiable properties of the manifold, several
problems must be addressed.

e Complete Riemannian metrics with constant sectional curvature give
rise to the notion of space forms. In each dimension n, there are only
three simply-connected model space forms, up to homothety: the Eu-
clidean space IR™ with its flat metric (R = 0); the unit sphere S™ with
the round metric of constant positive sectional curvature (R = +1);
and the hyperbolic space H", which has constant negative sectional
curvature (R = —1).

e Metrics g satisfying
Ric, =A-g

for some constant A are called Finstein metrics. This condition re-
lates closely to the Einstein field equations Ric — %sg =T, where T is
the energy-momentum tensor; in vacuum (7" = 0) solutions correspond
to Ricci-flat metrics. Einstein metrics are critical points of the total
scalar curvature functional S(g) = [, 4yt restricted to metrics with
fixed volume. As noted in [Bes08, page 6], finding explicit examples
is challenging, and known constructions often rely on large symmetry
groups or coupled equations. A key existence result is the Aubin-Yau
theorem [Aub78, Yau78|, proving the existence of Kéhler-Einstein met-
rics on compact Kéhler manifolds with non-positive first Chern class
c1(X) < 0. Recent advances [CDS15a, CDS15b, CDS15¢, Tial5] also
address existence on Fano manifolds (¢;(X) > 0). Simply-connected
manifolds with trivial canonical bundle, called Calabi- Yau manifolds,
admit Ricci-flat Kéhler metrics with holonomy in SU(n). These mani-
folds play a central role in string theory compactifications due to their
supersymmetry-preserving properties [CHSW85]. Einstein metrics are
stationary points of the normalized Ricci flow

. 2
a (t) = —2R1Cg(t) + Erg(t) . g(t),
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where n = dim M and r, is the average scalar curvature. Hamilton
[Ham82| proved long-time existence and convergence to Einstein met-
rics for compact three-dimensional Riemannian manifolds with positive
Ricci curvature. The Ricci flow preserves the Kéahler condition, yielding
the Kéhler-Ricci flow. Cao [Cao85] used this flow to reprove the Aubin-
Yau theorem by showing convergence to the unique Kéhler-Einstein
metric for compact Kéhler manifolds with ¢;(X) < 0.

e The study of constant scalar curvature metrics was initiated by Yamabe
[Yam60] and resolved by combined efforts of Trudinger [Tru68], Aubin
[Aub76], and Schoen [Sch84], who used the positive mass theorem from
General Relativity [SY79]. They proved that any Riemannian metric
g on a compact n-dimensional manifold can be conformally rescaled to

uﬁg with constant scalar curvature, reducing the problem to solving
the PDE
%Agu — Squ + cuns = 0,

where Ay is the Laplace-Beltrami operator and ¢ a constant. In the
Kahler setting, scalar curvature admits a symplectic interpretation as
a moment map for an infinite-dimensional Hamiltonian action [Don97,
Fujo0]. The existence of constant scalar curvature Kahler (cscK= met-
rics in a fixed Kéhler class was recently established by Chen and Cheng
[CC21a, CC21b]. These are special cases of extremal metrics [Cal82],
which minimize the Calabi functional. For a comprehensive introduc-
tion, see [Gaulb, Szél4, GZ17].

3.3 Hermitian connections and curvatures

In the Hermitian setting, a key issue is that the Levi-Civita connection gen-
erally does not preserve the Hermitian structure unless the metric is Kahler.
Let X be a complex manifold of dimension n, endowed with a Hermitian
metric g and associated (1,1)-form w = g(J_,_), where J is the complex
structure. To respect both g and .J, one must consider linear connections V
satisfying Vg = 0 and VJ = 0, which in general come with torsion T" # 0.
The space of such Hermitian connections forms an affine space modeled on
QL(X, TX).

In his celebrated paper [Gau97], Gauduchon introduced a one-parameter
family of Hermitian connections {V*};cr, now known as the Gauduchon con-
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nections, defined by
, 1—t 1+t
G4, 2) = g(DyW, Z) = =~ dw(JV, JW, J Z) + — - dw(JV, W, Z).

All Gauduchon connections coincide with the Levi-Civita connection when
the metric is Kahler. Some notable cases include:

t = 1: the Chern connection, the unique Hermitian connection whose (0, 1)-
part equals the Cauchy-Riemann operator 0rx on the holomorphic
tangent bundle;

t = —1: the Bismut connection [Bis89], the unique Hermitian connection
with totally skew-symmetric torsion;

t = 0: the orthogonal projection of the Levi-Civita connection onto the affine
space of Hermitian connections, also known as the first canonical con-
nection;

t =1/2: the conformal connection, in the sense of Libermann;
t =1/3: the Hermitian connection with minimal torsion.

Associated to any such Hermitian connection V, there is a curvature
operator

Re (X, End(TX)),  R(V.W):=[Vy,Viw] -V
By means of the metric, one can also view it as a 4-tensor:
R(V,W,Z,Y) = g(R(V,W)Z,Y) € 0*(X) @ Q*(X).

In the Kéahler case, all Gauduchon connections coincide with the Levi-
Civita connection, which also equals the Chern connection. Consequently,
the curvature tensor satisfies additional symmetries: R € S?Q%(X) and R €
QLY X,End(T*°X)). The extent to which these symmetries persist in the
non-Kéhler setting has been investigated by Gray [Gra76], Yang and Zheng
[YZ18], and more recently in [AOUV22].

The failure of these symmetries in the general case leads to several notions
of Ricci curvature, obtained via distinct traces:

Ric)(V, W) := tr R(V, W) € Q*(X),
Ric®(Z,Y) = tr,R(-,-, Z,Y) € End(TX).
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Both yield the same scalar curvature:
s := tryRic) = trRic® € C*(X, R).

A third trace can also be considered, though no compelling geometric inter-
pretation has been identified.

In the case of the Chern connection, the first Ricci form Ric™ is a closed
real (1, 1)-form representing the first Bott-Chern class ¢#¢(X) € Hyh(X, R),
which maps to the usual first Chern class of the anti-canonical bundle K.

3.4 Special Hermitian metrics

We continue with the same notation. Consider Dw, the covariant derivative
of the (1,1)-form w with respect to the Levi-Civita connection. This can
be viewed as a tensor in Q?(X,TX) via the identity g((Dw)(V,W),Z) =
(Dyw)(W, Z). For a detailed decomposition in terms of complex bi-degrees,
see [Gau97, Proposition 1].

Under the action of the unitary group U(n), the tensor Dw decom-
poses into four irreducible components, one of which vanishes in the inte-
grable (complex) case. The vanishing of specific subsets of these components
gives rise to the celebrated Gray—Hervella classification [GH80] of almost-
Hermitian structures into 2* = 16 classes. We now describe some of the
Hermitian metric types most relevant to our discussion.

Kahler A Hermitian metric is called Kdhler if Dw = 0, which is equivalent
to dw = 0. In this case, w defines a symplectic structure, and the
complex structure is parallel, i.e., DJ = 0. Kahler metrics exhibit
strong geometric, cohomological, and topological properties.

balanced Hermitian metrics satisfying dw™ ! = 0, where n is the complex

dimension, or equivalently d*w = 0, are called balanced metrics [Mic82].
They are notable for being stable under modifications [AB96].

SKT Hermitian metrics for which the torsion 3-form of the Bismut connec-
tion, given by d‘w, is closed, i.e., dd‘w = 0, are called strong Kdhler
with torsion, or equivalently, pluriclosed metrics.

Gauduchon A Hermitian metric w is called standard or Gauduchon [Gau77b]
if it satisfies 90w™ ! = 0. In complex dimension 2, this condition co-
incides with the pluriclosed condition. The significance of Gauduchon
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metrics lies in the fact that, on any compact complex manifold, ev-
ery conformal class of Hermitian metrics contains a unique Gauduchon
metric of volume one, see [Gau77b, Théoreme 1].

LCK A Hermitian metric is called locally conformally Kdhler if it is locally
conformal to a Kahler metric. By the Poincaré lemma, the conformal
factors can be encoded in a global closed 1-form 6, called the Lee form,
satisfying

dw=0ANw, withdf=0.

LCK geometry can be understood as an equivariant (homothetic) ver-
sion of Kéhler geometry [GOPP06]. If w is an LCK metric on X with
Lee form 6, then there exists a covering X endowed with a Kahler
metric @, such that the pullback of 6 is exact, @ is conformal to the
pullback of w, and the deck transformation group acts on @ by ho-
motheties. Note that most compact complex surfaces, with the only
exception of certain Inoue surfaces, admit either Kéhler or LCK met-
rics, see [Bel00]. For a recent survey on LCK geometry, see [OV24].

We remark that, for compact complex surfaces, the existence of a Kéahler
metric is a topological property: it depends solely on whether the first Betti
number is even. This follows from the classification results of Enriques,
Kodaira, and Siu, and was later independently and intrinsically proven by
Lamari [Lam99] and Buchdahl [Buc99].

3.5 Classification of LCK threefolds

For a compact complex manifold X of complex dimension n, the algebra
of meromorphic functions M x is finitely generated, and its transcendence
degree takes values in {0,...,n}. This invariant, first established by Siegel,
is known as the algebraic dimension:

a(X) = trdege H*(X, Mx).

Its geometric meaning becomes clear after the Algebraic Reduction Theorem,
see e.g. [UenT75]. If a compact complex manifold X has algebraic dimension
a(X) = k, then there exists a (unique up to bimeromorphic equivalence)
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diagram
Xe-->X7
|
Vv

where X* is bimeromorphically equivalent to X of the same dimension, V'
is a projective manifold of dimension k, and f is a holomorphic surjective
map inducing an isomorphism between the fields of meromorphic functions
of X* and V. We recall that the Weak Factorization Theorem, which also
holds in the analytic category [AKMWO02], states that any bimeromorphic
map can be factored as a finite sequence of blow-ups and blow-downs along
smooth centers. It is conjectured that a Strong Factorization also holds
[Hir64a, Hir64b, AKMWO02], that is, any bimeromorphism can be expressed
as

where ¢ and ¢ are compositions of blow-ups with smooth centers.
Let us survey the classification of compact complex surfaces X based on
their algebraic dimension.

a(X) = 2: By a theorem of Chow and Kodaira [CK52], a compact complex
surface has two algebraically independent meromorphic functions, i.e.,
algebraic dimension a(X) = 2, if and only if it is algebraic.

a(X) = 1: If X is non-algebraic and a(X) = 1, then X is an elliptic sur-
face: there exists a holomorphic surjective map f: X — C onto a
non-singular complex curve C', whose general fibre is a smooth elliptic
curve. The classification of the possible singular fibres is due to Ko-
daira. If moreover X is non-Kéhler (note that it still admits a LCK
structure), that is, b1(X) is odd, then all smooth fibres are isomorphic,
and the only singular fibres are either multiple fibres of the generic one
or, if the surface is not minimal, trees of rational curves. In this case,
the surface is called a quasi-bundle; see [Bri94, Brig6|.

a(X) = 0: If X has algebraic dimension zero, then it admits no non-constant
meromorphic functions. In this case, X is necessarily non-algebraic.
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Surfaces of algebraic dimension zero include certain tori, certain K3
surfaces, and certain class VII surfaces.

In [APV23], we addressed the classification problem for threefolds under
the assumption that X admits an LCK metric. The case of maximal algebraic
dimension, a(X) = 3, is well understood thanks to [Mo166, DGMS75, KK10]:
indeed, in this situation X is Moishezon, hence it satisfies the 00-Lemma
property, and is therefore Kahler. We then turn to the case in which the
algebraic dimension is one less than maximal, namely a(X) = n — 1 = 2.
The remaining case a(X) = 1 will be considered in [APV25].

Under the Algebraic Reduction theorem and the Strong Factorization
Conjecture, we consider the following diagram:

X
Xe-——---- +> X
|1
B

where B is a projective surface, and f : X* — B is a surjective, proper,
holomorphic map with connected fibres. It is known that the general fibre
of f is a smooth elliptic curve [Kaw65]. We further assume that f is flat (to
avoid unexpected behavior in fibre degeneration) and that its singular locus
S(f) is a simple normal crossing divisor.

One of the key tools in the argument is the following result, stated in the
more general context of a weak LCK (WLCK) structure. This means that
w > 0 is assumed to be positive only outside a proper analytic subset N,
which may be non-empty. Such structures are necessary since, in general,
metric properties do not behave well under blowups and blowdowns. On the
other hand, if X is WLCK, then so is X, see [APV23, Proposition 2.2].

Theorem 9 (Lemma on fibrations, [APV23, Lemma 2.4]). Let X and B be
complex manifolds with dim X > dim B, and let f: X — B be a surjective,
proper holomorphic map with connected fibres. Suppose w is a WLCK struc-
ture on X with Lee form 6. If the cohomology class of the Lee form satisfies
0] = f*[a], for some class [a] € H'(B,R), then [0] = 0.

Proof. Up to a global conformal change, we may assume § = f*a. Denote by
S the union of the non-flat and singular loci, that is, the set of points b € B
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for which the fibre f~1(b) is either singular or has dimension strictly greater
than k := dim X — dim B > 0. It is known that Sy is an analytic subspace.
Moreover, the restriction f: X \ f~*(Sy) — B\ S} is a submersion. We also
consider the open subset B’ C B\ Sy where, for any b € B/,

v(b) == (fuw")(b) = /fl(b) w*| -1y = vol,(f1(b)) > 0.

By the “weak” assumption on the structure, the complement B\ B’ is a
proper analytic subset of B.

By the WLCK condition dw = f*a A w and using the projection formula,
we compute

d(f*wk) = f*(dwk> =kf(ffan wk) = ka A fuw®,

which we rewrite as

dv =ka Av.
This implies that on B’,
ldv 1
= —— = —dl

and therefore the cohomology class satisfies [a]|p = 0.

The map H'(B,R) — H'(B’,R) induced by the inclusion B’ < B is
injective. This follows, for instance, from the long exact sequence in coho-
mology for the pair (B, B'), together with the fact that H'(B, B’,R) = 0,
which holds by excision, homotopy invariance, and the Thom isomorphism,
and to the real codimension of B\ B’ in B being at least 2, see, for example,
[Suw98, Theorem I1.5.3]. Therefore, we conclude that [a] = 0 in H*(B, R),
proving the statement. O]

The second tool is the following generalization of the Vaisman lemma to
the WLCK context.

Theorem 10 (Vaisman Lemma, [APV23, Lemma 2.5], after [Vai80]). Let X
be a compact complex manifold of dimension dim X = n > 1 endowed with
a WLCK structure w with Lee form 6. If X admits Kahler metrics, then
0] = 0.
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Proof. Fix a Kahler metric gp on X, and let 6y be the harmonic representative
of [#] with respect to go. Up to a global conformal change, we may assume
the WLCK structure wy has Lee form #y. Decompose 0y = o + @ into its
pure-type components, where a € A% X . Multiplying the equation dw) ' =
(n —1)8y Awl™" by a, we obtain

aNdof ™t =mn—-Naranwy

By the strong Hodge decomposition, « is itself harmonic, and in particular
closed. Therefore,

0= AQA dwgfl = (n - 1)Ha’|io|x\1\lw'

This implies a = 0, and hence [0] = 0, concluding the proof. ]
We are now ready to state the main result. In the following, we assume:
e the Strong Factorization Conjecture;

e the algebraic reduction is flat and its singular locus is a simple normal
crossing divisor (note that applying Hironaka flattening may introduce
heavy singularities);

e the canonical bundle K x« is nef, namely Kx--C > 0 for any curve C' in
X*; we recall that the existence of minimal models for compact elliptic
threefolds that are not uniruled was established by Grassi [Gra91] in
the projective case, and more generally by Horing and Peternell [HP16]
for Kahler threefolds.

Theorem 11 ([APV23]). Let X be a compact complex threefold with alge-
braic dimension a(X) = 2, endowed with an LCK metric whose Lee class
15 non-zero. Under the technical assumptions stated above, X is a blown-up
elliptic quasi-bundle over a projective surface.

Sketch of the proof. We first study the general fibres and prove that they are
all isomorphic. By the continuity of the j-invariant, it follows that all smooth
fibres are isomorphic; denote this common elliptic curve by &.
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Take a general smooth divisor H C B. By applying twice the Bertini
theorem, we can assume that both H and Sy := (f o ¢)"'(H) are smooth:

/X\ 1
Xe-—---- + X" foc
|
B+——H

We can also assume that Sy is not contained in the exceptional divisor of c,
which assures that o*w induces a WLCK structure on Sy.

If Sy were Kéhler, then [0%0]|s,, = 0 by the Vaisman Lemma. By stan-
dard cohomological arguments, it follows that there exists an analytic subset
Z C B such that

[0*9“)2\(,000)*1(2) = (foc)a]
for some [a] € H'(B\ Z). By the Lemma on fibrations, it follows that
(070 %\ (foe)-1(2) = 0, and therefore [¢] = 0, which contradicts the assump-
tion that the Lee class is non-trivial. Therefore, Sy is not Kahler. We can
now apply the Brinzanescu theorem on non-Kéhler surfaces, see e.g. [Bri96,
Proposition 3.17], to conclude that the general fibres of Sy — H are isomor-
phic. Therefore, the general fibres of f are isomorphic.

We now consider singular fibres. First, by applying Bertini’s theorem and
Brinzanescu’s result for surfaces, we prove that the general singular fibres over
p € S(f) are just multiple fibres of the form m&, with no trees of rational
curves appearing due to the minimality assumption on X*.

Under the assumption that S(f) is a simple normal crossing divisor, the
singular fibres that are not of the form m& occur only at special points: either
smooth points of a single branch, or nodes at the intersection of branches
of different types, say m& and ¢€. Up to a suitable Galois covering, these
singular fibres form a finite set.

Finally, assuming f flat, we observe that singular fibres, endowed with
the reduced structure, cannot be isolated, see [APV23, Lemma 2.9]. Naively,
the reason is that a fibre with singular reduction would induce a non-trivial
local monodromy around it, but this is impossible, since the punctured 2-
dimensional ball is simply connected.

The final step in the study of the geometric structure is to show that
the map o can be taken to be the identity and that the blow-ups in ¢ are
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“special”, in the sense that each blow-up is either at a point or along a curve
contained in an exceptional divisor produced in an earlier step, see [APV23,
Theorem 2.12]. O

3.6 Problems

Exercise 14. Prove that, on a Hermitian manifold (X, J, g,w), the Levi-
Ciwita D and the Chern connection V coincide if and only if the metric is
Kahler.

Hint. Prove the identities 3dw(V, W, Z) = g((Dy J)W, Z) 4+ g((Dw J)Z, V') +
g((Dz )V, W) and 2g((Dy J)W, Z) = 3dw(V,W, Z) — 3dw(V, JW, JZ). O

Exercise 15 (Hodge decomposition). Let X be a compact Kdhler manifold.
Prove that there exists a decomposition

Hi(X,C)~ @ HEY(X), with HZ(X)~ HIP(X).

p+g=k

Hint. Let L: QF(X) — Q¥2(X) denote the Lefschetz operator defined by
L = wA _, and let A be its adjoint. Together with the counting operator
H, defined on QF(X) by H|grx) = (n — k) - id, where n = dimc X, these
operators give rise to an sl(2, R)-representation on the space of differential
forms.

Using this structure, one can verify the following Kéhler identities:

[0,L) =0, [0,L) =0,
07, L] =v~10, (0%, L] = —V/~-19,
[0,A] = V10", [0,A] = —V/—170,
[0°,A] =0, [0, A] =0,

Y

on each indecomposable component of the Lefschetz decomposition.

Another way to prove the Kéahler identities is to notice that every Kéhler
metric osculates to order 2 the standard Hermitian metric on C™. Therefore,
one can reduce the proof to the corresponding identities on C" equipped
with the standard Kéahler structure, which are known as the Akizuki-Nakano
identities, see [Dem12b].
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Finally, these identities imply that the Laplacians coincide up to a con-
stant factor: B
A =200 =21

The result then follows directly from Hodge theory. m

Remark. Note that the Hodge decomposition above appears to depend on
the choice of metric, since it is stated in terms of harmonic forms. However,
for compact Kéahler manifolds, the decomposition actually descends to co-
homology independently of the metric, thanks to the 90-Lemma property,
which ensures a canonical pure-type decomposition in cohomology. O

Exercise 16 ([Wei58, DGMST5]). Prove that compact Kdhler manifolds sat-
isfy the 00-Lemma property.

Proof. Let a € QP4(X) be a d-closed, O-closed, and d-exact form on X. In
particular, by the Hodge theory for the de Rham cohomology, the form «
is orthogonal to the space of A-harmonic forms. Note that, by the Kéhler
identities, the space of A-harmonic forms coincides with the space of [I-
harmonic forms and with the space of O-harmonic forms. Since « is 0-
closed and orthogonal to the space of [J-harmonic forms, thanks again to the
Hodge theory for the conjugate Dolbeault cohomology, we have that there
exists 7 € Q7 14(X) such that o« = 9y. Applying the Hodge theory for
the Dolbeault cohomology to v, we obtain a O-harmonic form h., a form
B e Qr1a1(X), and a form 5 € QP19 (X) such that v = h, + 95 + 0 7.
By the Kéahler identities, we have [8,5*] = 0, and h, is also [J-harmonic, in
particular d-closed. Hence, a = 0y = dh,, + 99 + 85*77 =908+ 0 n. Tt
suffices to prove that @ dn = 0. Indeed, since «a is d-closed, we get 99 9 = 0.
Therefore,

10" 0n||* = (9”0, & dm) = (90" dn, o) = 0,
which implies 5*877 = 0. Hence, a = 900 is d0-exact, as claimed. n

Exercise 17. Prove that, on a compact Kdhler manifold, the even Betti
numbers are positive and the odd Betti numbers are even.

Hint. For the even Betti numbers, let w denote the symplectic form associ-
ated to the Kahler metric. Note that the cohomology class [w] is non-trivial,
as are its non-trivial powers [w*]. For the odd Betti numbers, use the Hodge
decomposition. O
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Exercise 18. Prove that the Hopf manifold does not admit any Kdahler met-
ric. More generally, show that the differentiable manifold S* x S?"~1 does
not admit any complex structure compatible with a Kdhler metric.

Hint. Use the Kiinneth formula to compute by(S! x S**~1) = 0. O

Exercise 19. Let X be a compact complex manifold of complex dimension
n > 2, endowed with a Hermitian metric w.

e Prove that there always exists a 1-form 6 such that
dw" P =09 AW

called the (balanced) Lee form, or torsion 1-form. It corresponds to the
trace of the torsion of the Chern connection.

e Prove that w is Gauduchon if and only if d*0 = 0.

e Show that the Chern Laplacian A f := 2tr,(v/—100f) and the Hodgede
Rham Laplacian A are related by

AhF = Af + g(df, 0).

Exercise 20 ([Gau77b]). Prove that, on a compact complex manifold, every
conformal class of Hermitian metrics contains a unique Gauduchon metric,
up to homothety.

Exercise 21 ([AIO1]). Prove that, on a compact complex manifold, a Her-
mitian metric that is both pluriclosed and balanced, must be Kahler.

Exercise 22. Prove that the Iwasawa manifold X = HeisG3.Q) /z[/=7) admits
a balanced Hermitian metric. Show that it does not admit any pluriclosed
metrics.

Hint. First, prove that X does not admit any invariant pluriclosed met-
rics, meaning a metric induced by a Hermitian metric on Heis(3,C) that is
invariant under left-translations. (See also [FPS04] for a classification of six-
dimensional nilmanifolds admitting pluriclosed metrics.) Then, apply the
Belgun symmetrization trick [Bel0O, Theorem 7] to conclude that there are
no pluriclosed metrics at all on X. O
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Exercise 23 ([GL10, Chi24)). Let X be a compact complex manifold of com-
plex dimension n, endowed with a Hermitian metric w. Prove that the fol-
lowing are equivalent.

1. The total volume is invariant under ~/—190-deformations, namely, for
any smooth real function p € C*°(X,R) such that w4+ /—190¢ > 0, it

holds
/(w+\/—185¢)n:/w”.
X X

2. The metric w satisfies the so-called Guan-Li condition:

V=100w =0 and /—10w A Ow = 0.

3. The metric w satisfies

V—=100w* =0 foralll<k<n-—1.

Exercise 24. Compute the Chern curvature of the Hopf surface X = €\{0}/z,

where Z acts via (z1, z9) — (%21, %22), endowed with the Hermitian metric

B vV —1 le AN le + vV -1 dZQ VAN dfg

w
|21 + [22/?

In particular, show that the second Chern-Ricci form satisfies
Ric® (w) = 2w.

Hint. For explicit computations, see e.g. [AS20]. O
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4 Hermitian metrics of constant Chern scalar
curvature

In the following section, we consider a version of the Yamabe problem in
the Hermitian setting: we look for Hermitian metrics in a fixed conformal
class with constant scalar curvature with respect to the Chern connection,
following [ACS17]. Motivated by the role of scalar curvature as a moment
map in the Donaldson-Fujiki picture for Kahler geometry, we also propose a
new notion of canonical metric in the LCK setting, see [ACPS22, APST25].

4.1 Chern-Yamabe problem

Let X be a compact complex manifold of complex dimension n. Given a fixed
Hermitian metric w, we denote by s“*(w) its scalar curvature with respect
to the Chern connection, and by

{w} = {exp(fw] f € CF(X,R)}

its conformal class, which consists entirely of Hermitian metrics.

Motivated by the classical Yamabe problem in Riemannian geometry, we
ask whether the conformal class {w} contains one or more Hermitian metrics
with constant scalar curvature with respect to the Chern connection. More
precisely, we aim to study the moduli space

o {w € {w} ‘ s“"(w') is constant }
ChyalX.{w}) = HConf(X,{w}) x R>0 ;

of Hermitian metrics with constant Chern scalar curvature, modulo the action
of the group HConf(X,{w}) of biholomorphisms preserving the conformal
class {w}, and modulo the scaling action of R>? by homotheties.

Let us observe that this problem is fundamentally different from the clas-
sical Yamabe problem. Indeed, as shown in [LY17, Corollary 4.5], on a
compact complex manifold, if the (average of the) Chern scalar curvature of
a Hermitian metric coincides with the (average of the) scalar curvature of
the associated Riemannian metric, then the metric must be Kéahler. For the
same reason, the Chern—Yamabe problem also differs from the Yamabe-type
problem for almost Hermitian manifolds studied by del Rio and Simanca in
[dRS03].
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Our main goal is to investigate the properties of the moduli space ChYa (X, {w}).
In particular, we ask whether it is always non-empty (a question we refer to as
the Chern-Yamabe problem), when it reduces to a single point, and whether
it can be compact under suitable assumptions.

As we will see later, the expected constant curvature is a cohomological
invariant, depending solely on the holomorphic manifold and the conformal
class, known as the Gauduchon degree. We will prove the following theorem,
conjecturing that the same result holds without the assumption that the
Gauduchon degree is non-positive.

Theorem 12 ([ACS17]). Let X be a compact holomorphic manifold endowed
with a conformal class {w} of Hermitian metrics. If the Gauduchon degree
satisfies I'x ({w}) < 0, then the Chern—Yamabe moduli space consists of a
single point. In particular, this result holds for any conformal class on a
manifold with non-negative Kodaira dimension.

4.2 Liouville-type equation

We translate the Chern-Yamabe problem into a nonlinear PDE, in fact, a
semilinear one, similar to the Liouville equation.

We first notice that, under a conformal change of the form e*/"w, the
Chern scalar curvature transforms according to the formula:

We recall that the Chern Laplacian operator A“", associated to w, is given
by
ANf = =2V =1tr,(90f) = Af + g(df, 0),

where 0 is the so-called Lee form (or torsion 1-form), defined by the identity
dw™ ' =60 Aw"!. Two important special cases are of interest.

e If w is balanced, that is, dw™' = 0, (equivalently, # = 0,) then the
Chern Laplacian A" reduces to the usual Hodge-de Rham Laplacian
A on functions.

e If w is Gauduchon, meaning 0w" ™! = 0, (equivalently, d*f = 0,) then
the Green-type identity
/ A fum =0
X

holds for any smooth function f.
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The Chern—Yamabe problem is then reduced to finding a smooth function
f €C>®(X,R) and a constant A € R such that

s (W) + AChF = XM (ChYa)

which corresponds to s (exp(2//n)w) = .

We now give a geometric interpretation of the expected constant Chern
scalar curvature A\. To do so, we fix a suitable reference metric in the con-
formal class. We recall the following foundational theorem by Gauduchon.

Theorem 13 ([Gau77b]). On a compact complex manifold, any conformal
class of Hermitian metrics contains a unique Gauduchon representative of
volume 1.

Thanks to this result, from now on we fix the Gauduchon representative
n of volume 1 as the reference metric in the conformal class {w}. All geo-
metric quantities are then referred to this choice. Up to homotheties, we also
normalize the solution f by imposing the condition

1
- 2 n_
n!/Xexp(f/n)n =1

Note that, by the Jensen inequality, the volume of any metric in the nor-
malized slice is always greater than or equal to 1. It follows that, when
considering the more geometric slice of metrics with unit volume, the ex-
pected constant Chern scalar curvature has absolute value greater than or
equal to the Gauduchon degree.

By integrating (ChYa), we find that the expected constant Chern scalar
curvature A is a cohomological invariant, completely determined by X and
the conformal class {w}:

A= /XSCh(U) n" = ﬁ /x KLY A",

where B¢ (K1) € Hgh(X,R) maps to the first Chern class of X in H*(X,R),
and [ € HY """(X,R) is well defined thanks to 5 being Gauduchon.
This quantity is known as the Gauduchon degree I'x({w}) of the confor-
mal class {w}. It is equal to the volume of the divisor associated with any
meromorphic section of the anti-canonical line bundle K%', measured with
respect to the Gauduchon metric 7, see [Gau81, Gau84]. Recall that the
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Kodaira dimension measures the growth of sections of the pluricanonical
bundles. When Kod(X) > 0, the existence of holomorphic sections of the
pluricanonical bundle implies that the anti-canonical bundle admits mero-
morphic sections with negative volume. As a consequence, the Gauduchon
degree satisfies I'x({w}) < 0 for any conformal class {w}. More precisely,
I'x({w}) < 0 unless the canonical bundle Kx is holomorphically torsion, i.e.,
there exists an integer ¢ such that K¢ = Oy, in which case I'x({w}) = 0
for all conformal classes.

4.3 The case of expected zero Chern scalar curvature

We first consider the case 'y ({w}) = 0, meaning that the expected Chern
scalar curvature is identically zero. In this case, the Chern—Yamabe equation
reduces to a linear pde:

A (f) = =5 (w),

To show that it is solvable, it suffices to prove that —s“"(w) € im(A“") =
ker((A®")*)L. In this case, the solution is clearly unique up to an additive
constant, since ker A" consists of constant functions.

Note that the Gauduchon condition on 1 guarantees that the kernel of the
adjoint (A“")* consists only of constant functions. Indeed, a straightforward
computation shows that

(AT f = Af = g(df, 0).
If f € ker(A“")*, then

0= /X f Ay f = /X (!df\Q—%g(d(F),@)) p = /X AP,

since d*0 = 0 for a Gauduchon metric.

Therefore, the condition 'y ({w}) = 0 ensures that —s®” lies in the or-
thogonal complement of ker((AS")*) = €, thus making the linear pde solv-
able.

4.4 The case of expected negative Chern scalar curva-
ture

We now consider the case I'x ({w}) < 0, meaning that the expected constant
Chern scalar curvature is negative. In this setting, we apply conformal tech-
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niques and standard elliptic theory, using the continuity method, to prove
the existence of a unique solution.

First of all, by exploiting conformal arguments, we show that we can
choose a reference metric w € {n} such that s“"(w) < 0 everywhere. Indeed,
as before, we can solve the linear pde A" f = —s"(n) + [, s“"(n) ™. Then
the conformal metric exp (2//n) 7 has Chern scalar curvature s (exp (2//n) ) =
exp (—2//n) I'x({w}) < 0. From now on, we fix this metric as our reference
representative in {w}, and all geometric quantities will be understood with
respect to it.

We then apply the continuity method to establish the existence of a metric
in the conformal class {w} with constant Chern scalar curvature, initially
in the regularity class C**. Smoothness of the solution then follows from
standard elliptic regularity theory.

We consider the following continuity path, where A := I'x ({w}):

ChYa: [0,1] x C**(X,R) — C**(X, R),

ChYa(t, f) := A" f 4+ s7"(w) — Nexp (2//n) + A (1 — ).
Let us define

T:={te[0,1]: 3f; € C>**(X,R) such that ChYa(t, f,) = 0} .

Clearly, T is non-empty, since ChYa(0,0) = 0.

We prove that T is open. The implicit function theorem ensures that 7'
is open provided that the linearization of ChYa with respect to the second
variable is bijective. This linearization at (o, f;,) is given by the operator

D: C**(X,R) — C**(X, R),

Duv = A%y — 2\ exp (2f0 fn) - 0.

Let v € ker D. Since D is an elliptic operator, standard regularity theory
allows us to apply the classical maximum principle. At a maximum point p
of v, we have

=2 fnexp (ul)n) - v(p) <0,

which implies v(p) < 0. Similarly, at a minimum point ¢, one obtains v(q) >
0. Therefore, v must be identically zero, i.e., ker D = {0}. To prove that D is
surjective, we observe that the index of the linear operator D coincides with
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the index of the Laplacian, since D differs from the Laplacian by a compact
operator. Therefore, the injectivity of D directly implies its surjectivity.

Finally, we prove that T" is closed. The argument relies on the following
uniform L estimates for the solutions. Let (¢,), C T be a sequence in T
converging to t.,, and let f;, € C*>*(X,R) be such that ChYa(t,, f;,) = 0.
We want to show that there exists a uniform constant C' > 0, depending only
on X, w, and A, such that for all n,

| fenlloee < C.

This follows again from the maximum principle. Indeed, evaluating the equa-
tion ChYa(t,, f;,) = 0 at a point p € X where f, attains its maximum, we
obtain

~Aexp () < —t, s7(w)(p) — M1~ ) < —max s (w) — A,

where we used the fact that s“"(w) < 0 everywhere on X. Similarly, eval-
uating the equation at a point ¢ € X where f; attains its minimum, we
obtain

—Aexp (2fn(d)/n) > min {H}}n(—sCh(w)), —)\} > 0,

which yields a uniform lower bound for f;, and thus completes the proof of
the claim.
Consider now the equation

AChftn + 1 SCh(w) + >‘(1 - tn) = )\exp (th"/”) )

where the left-hand side can be interpreted as an elliptic operator acting on
ft,. The uniform L> estimates obtained above imply that the right-hand side
is uniformly bounded in L*°. By iterating the Calderén-Zygmund inequality
and applying the Sobolev embedding theorem, it follows that f; is uniformly
bounded in C3(X,IR). Then, by the Ascoli-Arzela theorem, there exists a
subsequence converging in C>*(X), whose limit f., solves ChYa(tso, foo) = 0.

The arguments above ensure that 7" = [0, 1]. In particular, the equation
ChYa(1, f) = 0, corresponding to (ChYa), admits a solution f € C**(X,R).
It remains to prove that this solution is in fact smooth. This follows from a
standard bootstrap argument based on Schauder estimates.

It remains to prove uniqueness. Suppose that w; = exp (21/n)w € {w}
and we = exp (2f2/n)w € {w} are two metrics with constant Chern scalar
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curvature A\; < 0 and Ay < 0, respectively. Consider the difference f; — fo,
which satisfies the equation

ACh<f1 — fg) = )\1 exp (Qfl/n> — /\2 exp (2f2/n) .

Evaluating this equation at a maximum point and at a minimum point of

f1 — f2, we deduce
n
fi—fa= §log (*2/70) -

Therefore, the functions differ by an additive constant. Imposing the chosen
normalization condition, we conclude that f; = f5, proving uniqueness.

4.5 The case of expected positive Chern scalar curva-
ture

In the previous arguments, the non-positivity of the curvature played a fun-
damental role in the application of the maximum principle. For this reason,
the last case, I'x({w}) > 0, appears to be more challenging, and it remains
an open problem whether the moduli space C(Y-(X,{w}) is non-empty. We
collect here some preliminary remarks concerning this situation.

An important example is the Hopf surface, whose classical Hermitian
metric has the remarkable property that the second Chern-Ricci form satisfies
Ric® = 2w, see [GI97], then the Chern scalar curvature is constant and equal
to 4. Explicit computations can be found in [ACS20]. Further examples can
be constructed via an implicit function theorem argument, starting from a
metric whose Chern scalar curvature is sufficiently small in the C%“-norm.

Differently from the classical Yamabe problem, it is important to note
that the Chern—Yamabe problem is not variational in general: the Chern—Yamabe
equation can be interpreted as the Euler-Lagrange equation of an associated
functional if and only if the conformal class contains a balanced representa-
tive. However, it remains unclear whether this functional is bounded from
below.

In the positive case, uniqueness of constant Chern scalar curvature metrics
within a fixed conformal class generally fails. This can be shown by adapting
the argument in [dLPZ12] and applying a version of the Krasnosel’skii Bi-
furcation Theorem. Nevertheless, we still expect compactness of the moduli
space C(Y-(X, {w}), provided the volumes are uniformly bounded.
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As an additional strategy to address the existence problem, we introduced
the Chern—Yamabe flow. Further developments and contributions in this
direction have been made in [LM18, CZ20, Yu25].

4.6 Moment map picture

Constant scalar curvature metrics play a central role in Kahler geometry,
as the scalar curvature naturally arises as a moment map for an infinite-
dimensional Hamiltonian action [Fuj90, Don97]. More precisely, the problem
of finding constant scalar curvature Kahler metrics in a fixed Kéahler class
can be reinterpreted as the search for a zero of the moment map within the
orbit of the complex structure under the complexified group action. Inspired
by the Hilbert-Mumford criterion in finite-dimensional Geometric Invariant
Theory, this perspective leads to the notion of K-stability, see e.g. [Szé14].
We briefly recall the geometric setting of the Fujiki-Donaldson picture in
Kéhler geometry. Let X be a differentiable manifold endowed with a symplec-
tic form w admitting Kéhler structures. The space Jam(w) of w-compatible
almost-complex structures carries a natural structure of infinite-dimensional
Kéhler manifold (J, ), invariant under the action of the symplectomorphism
group Aut(X,w). This action preserves the analytic subset J(w) of inte-
grable (i.e. Kahler) structures. The map s: Jam(w) — C>(X,R), which
assigns to each J the scalar curvature of the metric g := w(_, J_), is smooth,
Aut(X,w)-equivariant, and satisfies the moment map equation

/ d(scal)|;(v) hx w" = =3 ;(X7,v),
M

for all J € J(w), v € TyJum(w), and X € ham(M,w). Here, ham(M,w) de-
notes the Lie subalgebra of infinitesimal automorphisms X satisfying X jw =
dhy for some smooth function hy € C*°(M,R), unique up to an additive
constant. The fundamental vector field associated to X is denoted by X*.
Hence, s is called a moment map for the action of the Hamiltonian diffeo-
morphism group Ham(M,w) on J(w).

Motivated by the desire to gain a deeper understanding of the role played
by the Chern scalar curvature in non-Kéhler geometry, in [ACPS22] we ex-
tended the classical Donaldson—Fujiki framework to the broader setting of
locally conformally Kahler geometry. In this context, we consider special
conformal vector fields, satisfying dy(X_w) = 0, and twisted Hamiltonian
vector fields, that is, vector fields X for which X w = dyh, where the
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twisted differential is defined as dy := d — 6. A further technical subtlety
arises from the fact that the automorphism group Aut*(X,{w}) preserves
only the conformal class {w}, so that the Riemannian scalar curvature is
not Aut*(X, {w})-equivariant. Additionally, an extra term involving D(6*)
appears in the computations, which we do not know how to handle. These
difficulties force us to introduce an additional symmetry assumption: we re-
strict to the subspace of structures invariant under the torus 7', defined as
the closure of the flow generated by 6%, the symplectic dual of the Lee form.
Our main result can then be stated as follows.

Theorem 14 ([ACPS22]). Let X be a compact complex manifold of complex
dimension n, endowed with a locally conformally Kdhler structure w with Lee
form 6. The action of T-invariant twisted Hamiltonian diffeomorphisms on
the space J(w)T of T-invariant compatible complex structures is Hamilto-
nian, with moment map

p=s"w) +ndo.

That is, for every J € J(w)T, A € T;J(w)T, and twisted Hamiltonian vector
field X with twisted Hamiltonian potential h and fundamental vector field X7,
the moment map equation holds:

1 *
[ dnl Ay = =3 x5, 4),
X

These considerations suggest that, rather than requiring constant Chern
scalar curvature, a more natural notion of canonical metric might be char-
acterized by the constancy of the moment map p. This class includes, as
special cases, both constant scalar curvature Kahler metrics and Gauduchon
metrics with constant scalar curvature. See [APST25] for further details.

4.7 Problems

Exercise 25. Let X be a complex manifold endowed with a Hermitian metric
w, and let f € C(X,R) be a smooth real-valued function. Prove the following
formula for the conformal change of the Chern scalar curvature:

sCh (le/"w) =e M (sCh(w) + Aghf) ,

where ASP f .= 2tr,,(v/—100f) is the Chern Laplacian of f with respect to
the metric w.
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Exercise 26 ([ACS20]). Let X be a compact holomorphic manifold, and let
w be a Hermitian metric on X satisfying

Ric(w) = fw

for some smooth function f # 0. Show that w is conformal to a Kdhler
meltric.

Exercise 27 (non-Kéahler Calabi-Yau, [Tos15]). Let X be a compact holo-
morphic manifold with ¢B°(X) = 0. Show that, for any Hermitian metric w,
there exists a conformal representative w' = efw, for some smooth function
f, such that

Ric)(w') = 0.

The function f is unique up to an additive constant.

Remark. By [TW10], the solution can also be expressed as w' = w+4+/—1 09
for some smooth function ¢, unique up to an additive constant. n

Exercise 28 ([Gau8l, ACS20]). Let X be a compact holomorphic manifold
endowed with a Hermitian metric w such that

Ric®?(w) = fw
for some smooth function f.
e Show that the property is invariant for conformal changes.

e Show that, up to a conformal change, one can assume f to have con-
stant sign, equal to the sign of the Gauduchon degree of the conformal
class {w}.

o Assuming a positive solution to the Chern—Yamabe problem, prove that
one can choose a representative in the conformal class with f constant.

Hint. Show that, under a conformal change, the second Chern-Ricci curva-
ture transforms as Ric® (exp(f)w) = Ric®®(w) — (A" f)w. It then follows
that one can use a conformal change to let the Einstein factor have definite
sign. [

Exercise 29 ([GI97]). Prove that the only compact complex non-Kdihler sur-
face admitting a Hermitian metric w such that Ric(z)(w) = fw for some
smooth function f, is the Hopf surface.
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Remark. On compact holomorphic manifolds, the existence of Hermitian
metrics satisfying Ric® (w) = fw for some smooth function f is subject
to several obstructions, see [Tel06, Gau8l, Gau77a, Yanl9]. In particular:
the sign of the Einstein factor f is constrained by the pseudo-effectiveness
or unitary flatness of Kx and K'; second-Chern-Ricci-flat metrics can only
exist if Kod(X) < 0; manifolds having second-Chern-Einstein metrics with
positive (respectively, negative) curvature do not admit non-trivial holo-
morphic p-forms (respectively, holomorphic p-vector fields), for any p > 1.
Moreover, such metrics are weakly g-Hermitian—Einstein, see e.g. [Kob80,
LT95, Kob87|, and thus satisfy further geometric constraints: the Bogo-
molov—Liibke inequality holds [Bog80, Lue82|; by the Kobayashi-Hitchin
correspondence, the holomorphic tangent bundle is g-semi-stable [Kob82,
Liib83]. O
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5 Geometric flows in non-Kahler geometry

In this section, we present the basic theory of the Chern-Ricci flow [Gilll,
TW15, TW22], with a focus on its applications to the study of compact
complex surfaces [TW13]. In particular, we discuss the long-time behavior
of the flow on Inoue surfaces, following [FTWZ16, AT23].

5.1 Geometric flows of Hermitian metrics

Over the past few decades, the Ricci flow, originally introduced by Hamilton
[Ham82], has emerged as a powerful tool in differential geometry. It played a
central role in the resolution of the Poincaré and Geometrization conjectures,
through the groundbreaking work of Perelman [Per02, Per03b, Per03a].

In the Hermitian setting, when the initial metric is Kéahler, the flow pre-
serves the Kéahler condition [Ham82, Shi97]; in this case, it is referred to as
the Kdhler-Ricci flow. In his seminal work, Cao [Cao85] reproved the Aubin-
Yau theorem using the Kahler-Ricci flow by showing that, on a compact
Kéhler manifold X with ¢;(X) = 0 (respectively, ¢;(X) < 0), the Kéhler-
Ricci flow (respectively, the normalized Kéhler-Ricci flow) starting from any
Kahler metric wy converges smoothly to the unique Kahler-Einstein metric
in the class [wo] (respectively, in the class —c;(X)).

On the other hand, if the initial metric is just Hermitian, the Ricci flow
generally fails to preserve Hermitianity, except when the curvature of its Levi-
Civita connection satisfies all Kéhler symmetries, see [AOUV22]. To address
this issue, various geometric flows have been introduced to deal with the
Hermitian non-Ké&hler context. These include the Chern-Ricci flow [Gilll,
TW15], the family of Hermitian curvature flows introduced by Streets and
Tian [ST11], such as the pluriclosed flow [ST10] and the flow studied by
Ustinovskiy [Ust19], the anomaly flows [FPPZ21, PPZ18c, PPZ18b, PPZ18a,
Pic19], the generalized Ricci flow [GFS21], flows coupling the Ricci flow with
a flow evolving the complex structure, and many others.

5.2 Introduction to the Chern-Ricci flow

In this section, we focus on the Chern-Ricci flow. It was introduced by Gill
[Gill1] in the study of compact non-Kéahler Calabi—Yau manifolds, that is,
compact complex manifolds X with vanishing first Bott—Chern class ¢P¢(X) =
0. Then it was later studied extensively by Tosatti and Weinkove [TW15,
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TW13, TW22]. One expects the behaviour of the Chern-Ricci flow to re-
flect the underlying holomorphic structure of X, making it a powerful tool
in the classification theory of compact non-Kéahler complex surfaces. A key
feature of the Chern-Ricci flow is that, like the Kéhler-Ricci flow, it reduces
to a scalar parabolic equation, and thus inherits many interesting analytic
properties.

Let X be a compact complex manifold, of complex dimension n, and let
wg be a fixed Hermitian metric. The Chern-Ricci flow evolves the initial
metric according to the equation

Ow(t)

= —Ric™(w(t)), w(0) = wo, (CRF)

for 0 <t < T, where 0 < T < 400 will denote the maximal existence time,

see below. Here, Ric“™® o —v/—1001og detw denotes the first Chern-Ricci
curvature, that is, the tensor Ric!") associated to the Chern connection.

We can reduce the Chern-Ricci flow to a parabolic complex Monge-
Ampere equation.

Theorem 15 ([Gilll, TW15]). Let X be a compact holomorphic manifold
endowed with a Hermitian metric wy. Then the Chern-Ricci flow (CRF)
admits a solution (w(t))o<t<r if and only if there exists a family of smooth
functions (o(t))o<t<r solving the following parabolic equation for scalar func-

tions: 3
(wo—t Ric®" (wo) +v/=180¢)"

%_f = log wy ?
wo — t Ric”"(wp) + v/ =100y > 0, (PCMA)
¢(0) = 0.

Moreover, the two solutions are related by
w(t) = wo — tRic (wp) + v/ —100¢(t).

By standard parabolic theory, assuming X is compact, the Chern-Ricci
flow admits a unique solution on a maximal time interval [0,7"), for some
0 < T < 4+oc0. The maximal existence time is characterized by [TW15] as

T =sup {t > 0: I € C*(X,R) such that wy — t Ric”"(wy) + v—109¢ > 0} .

This parallels the result in the Kahler case, the only difference being the
presence of torsion terms, which complicate the analytic estimates. In par-
ticular, note that the condition 7" = 400 is independent of the initial metric
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wo, and it holds if and only if the canonical bundle Kx is nef (this means
that, for every € > 0, there exists a smooth function 9. € C*°(X,R) such
that —Ric“"(wp) + V=190, > —ewy).

5.3 Chern-Ricci flow for non-Kahler Calabi-Yau man-
ifolds

To motivate the study of the Chern-Ricci flow, we recall a fundamental result
by [Gill1] concerning non-Kéhler Calabi-Yau manifolds [Tos15].

Recall that a compact holomorphic manifold X, of complex dimension
n, is called non-Kdhler Calabi-Yau if its first Bott—Chern class vanishes in
Bott-Chern cohomology, P (X) = 0 in Hz5(X,R). In the Kéhler case, this
condition is equivalent to ¢;(X) = 0 in de Rham cohomology H3,(X, R), and
the celebrated Calabi—Yau theorem guarantees the existence of a Ricci-flat
Kahler metric.

In the non-Kahler setting, the following conditions are equivalent, see
[Tos15]:

o cPO(X) =0in Hy (X, R);

e there exists a Hermitian metric w on X such that Ric®"(w) = 0. Such a
Chern-Ricci-flat metric can be obtained from a fixed Hermitian metric
wp through various ansétze [Toslh, STW17]: a conformal ansatz, w =
e?wy; a Calabi-type ansatz, w = wy + v/—190y; a Fu-Wang- Wu-type
ansatz, w" ! = wit + v/—100p A w2, where w; is another fixed
Hermitian metric on X;

e the canonical bundle Kx is unitary flat, i.e., it admits a Hermitian
metric with vanishing curvature;

e there exists a Hermitian metric w whose Chern connection has re-
stricted holonomy contained in SU(n).

We observe that the condition that Kx is holomorphically torsion, namely,
K¢ ~ Ox for some ¢ > 1, implies ¢P“(X) = 0, but it is generally strictly
weaker, see [Nak75, Magl7]. Conversely, there exist complex manifolds for
which the de Rham class ¢;(X) = 0 vanishes in H3(X, R), but ¢?¢(X) # 0:
examples include Hopf surfaces and the hypothetical complex structure on

the six-sphere S°.
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Similarly to Cao’s theorem [Cao85], which gives a parabolic proof of the
Calabi-Yau theorem for Kéhler manifolds with ¢;(X) = 0 via the Ké&hler-
Ricci flow, an analogous result holds in the non-Kahler setting for compact
non-Kahler Calabi—Yau manifolds.

Theorem 16 ([Gilll]). Let X be a compact non-Kdihler Calabi-Yau mani-
fold. Then, for any initial Hermitian metric wy, the Chern-Ricci flow (CRF)
admits a long-time solution w(t) defined for allt € [0,400), which converges
smoothly as t — +o0o to a Hermitian metric ws, satisfying

Ric“(ws) = 0.

More precisely, we is the unique Chern-Ricci flat metric of the form weo =
wo +V—100¢ for some smooth real function .

5.4 Chern-Ricci flow on compact complex surfaces

We now focus on complex dimension 2, that is, on compact complex sur-
faces. As a first observation, we note that the Gauduchon condition, which
in this setting is equivalent to the pluriclosed condition, is preserved along
the Chern-Ricci flow, since the Chern-Ricci form Ric®" is d-closed. When
the initial metric wy is Gauduchon, the maximal existence time of the flow
can be also characterized as follows, thanks to Buchdahl’s Nakai—-Moishezon
criterion [Buc99]:

for all ¢ € [0,7], the form a; := wy — ¢ Ric“"(wy) satisfies
T=sups7>0: Jxaoi>0and [ o >0
for every irreducible effective divisor D with D? < 0

In other words, the Chern-Ricci flow exists as long as the volume of X with
respect to w(t) remains positive and the volume of every irreducible curve
with negative self-intersection does not collapse to zero.

We recall that compact complex surfaces can be classified according to
their Kodaira dimension, which takes the values —oo, 0, 1, or 2. For a
detailed exposition of the Enriques—Kodaira—Siu classification, we refer the
reader to the comprehensive book [BHPVAV04].

A first fundamental distinction is whether the surface contains a (—1)-
curve, that is, a smooth rational curve D ~ CP! with self-intersection D? =
—1. If it does not, the surface is said to be minimal. By the Castelnuovo
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contraction theorem, every (—1)-curve can be contracted. Consequently, any
compact complex surface can be obtained from a minimal one by blowing up
finitely many points.

If X is non-minimal, then there exists a (—1)-curve D. By the adjunc-
tion formula, Kp = (Kx+D)|p, and since Kp-D = 2g(D)—2 = —2, it follows
that Kx-D = —1 < 0. Therefore, along the Chern-Ricci flow starting at any
Gauduchon metric wy, we have [, w(t) = [jwo+tKx-D = [, wy—t, which
becomes zero in finite time. Hence, the maximal existence time of the flow
must be finite, T" < +o00. Conversely, if the initial metric wy is Gauduchon,
the maximal existence time satisfies 7" < 400, and the flow is non-collapsing,
meaning that Vol(X,w(t)) > ¢ > 0ast — T, then X contains (—1)-curves,
see [TW15]. In this case, denote the (—1)-curves by Fji,..., Fx. Then, ac-
cording to [TW15], there exists a smooth Gauduchon metric wr on X\ |J; E;
such that w(t) — wp in C2(X \ U, Ei) as t — T~. Furthermore, the metric
spaces (X,w(t)) converge in the Gromov-Hausdorff topology to a compact
metric space (N, dy) that is homeomorphic to the complex space obtained by
contracting the curves Fy, ..., E; in X; denote this map by 7: X — N, with
E; = 7= !(p;). Independently, [T618, Niel7] proved that the Chern-Ricci flow
can be continued in a weak sense on the limit space N, with backward con-
vergence in time. The argument above by Tosatti and Weinkove is proved
under the additional assumption that dwy = 7*(df) for some smooth real
(1,1)-form 8 on N, which in particular implies that dwy = 0 on the ex-
ceptional divisors of 7, see condition (*) in [TW13]. Once this condition is
removed, what remains is to show that (N,dy) is the metric completion of
(N\{pi},wr). These two remaining steps would complete the proof that the
Chern-Ricci flow contracts the (—1)-curves in the Gromov-Hausdorff topol-
ogy, while converging smoothly outside the exceptional divisors. This result
would demonstrate that the Chern-Ricci flow performs a canonical surgical
contraction, generalizing the results of [ST17] for Kahler surfaces, and fitting
into the broader framework of the analytic Minimal Model Program.

In what follows, we will assume that the surface is minimal. Surfaces
S of general type, that is, those with Kod(S) = 2, are always algebraic.
Restricting attention to non-Kahler surfaces, which are topologically charac-
terized by having odd first Betti number [Lam99, Buc99], only the following
cases remain.

e For Kod(X) = 1, we have minimal non-Kéahler properly elliptic
surfaces, which are described, up to finite covers, as elliptic bundles,
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see e.g. [Bri94, Bri96]. In this case, the Chern-Ricci flow starting from
any Gauduchon metric exists for all £ > 0, and exhibits the following
collapsing behavior: the normalized metrics “() /¢ converge, in the Gro-
mov—Hausdorff sense, to a Riemann surface equipped with the distance
function induced by an orbifold Kéhler—Einstein metric, see [TWY15].

For Kod(X) = 0, we have Kodaira surfaces, which satisfy ¢?“(X) =
0, meaning they are non-Kahler Calabi—Yau manifolds. This case was
studied in detail by [Gill1], who showed that the Chern-Ricci flow exists
for all time and converges to the unique Chern-Ricci flat metric in the

/—100-class of the initial metric.

Lastly, the class VII refers to compact complex surfaces satisfying
Kod(X) = —oo and b;(X) = 1. Those with by(X) = 0 are known
to be either Hopf surfaces or Inoue-Bombieri surfaces [Ino74, Bom73],
as established in [Bog80, LYZ90, Tel94]. The first known examples
with be(X) > 0 were introduced in [Ino75, Ino77], and subsequently
extended by Kato [Kat77], who developed a construction based on
iteratively blowing up the standard ball in C2, followed by holomor-
phic surgery. These surfaces are characterized by the existence of a
global spherical shell, that is, an open subset U C X biholomorphic to
a neighborhood of the 3-sphere S® in C2?, such that the complement
X \ U remains connected. Moreover, they can be viewed as degener-
ations of blown-up primary Hopf surfaces [Nak84] and admit singular
holomorphic foliations [DO99]. Each Kato surface X contains exactly
b (X) rational curves, and conversely, every minimal compact complex
surface in class VII possessing precisely by(X) > 0 rational curves is a
Kato surface [DOTO03]. It is conjectured that no other examples exist
in class VII beyond these, a statement known as the Global Spherical
Shell conjecture.

For classical Hopf surfaces of the form €*\{0}/z, where Z is generated
by the map A -id with A € C satisfying 0 < |A| < 1, the solution to the
Chern-Ricci flow starting from the standard metric admits an explicit
expression [TW13]. More precisely, the flow collapses in finite time
and converges smoothly to a non-negative (1, 1)-form whose kernel de-
fines a smooth distribution, whose iterated Lie brackets generate the
full tangent space of the Sasaki S3. In this way, the limiting behav-
ior of the Chern-Ricci flow encodes both the differential and complex
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geometric structures inherent to the Hopf surface. Further insights
can be found in [Edw21], where results support the conjecture that
the Gromov-Hausdorff limit is isometric to a round S!. The Chern-
Ricci flow on Inoue-Bombieri surfaces has been extensively studied in
[TW13, Lau09, LV15, FTWZ16, AT23], which will be discussed in de-
tail in the following subsection. Finally, the “optimistic conjecture” in
[FTWZ16, Section 4.6] seeks to recover a global spherical shell through
the asymptotic behavior of the Chern-Ricci flow.

5.5 Chern-Ricci flow on Inoue surfaces

Inoue surfaces are divided into three distinct families: Sy, ST, and S—, each
depending on parameters.

We first recall the construction and the geometric properties of the In-
oue—Bombieri surface of type Sy, [[no74, Bom73|. Let M € SL(3,Z) be
a matrix with one real eigenvalue A > 1, and a pair of complex conjugate
eigenvalues y, i € C. Fix a real eigenvector ({1, /s, f3) € R corresponding
to A, and a complex eigenvector (my,ms, m3) € C3 corresponding to u. For
later use, we observe that A is an irrational algebraic number, and at least
one of the slopes of the real eigenvector, say /e, is irrational. On € x H,
where H = {w € C : Imw > 0} is the upper half-plane, consider complex
coordinates (z = x1 +v/—1y1, w = x5 +/—1y2), where yo > 0. We define an
action of the group generated by the following automorphisms:

fo(z,w) = (nz, \w), [i(z,w) = (z+mj, w+{),
for j € {1,2,3}. The quotient
SM = C X IH/(anf17f2af3>

defines a compact, complex, non-Kéhler surface, called Inoue—Bombieri sur-
face of type Syr. The fact that it does not admit any Kéhler metrics follows
from by (Sy) = rk (71(520) /jzy (Sar), 71 (Sar)]) = 1 being odd.

The Inoue-Bombieri surfaces Sy, possess a rich differentiable and holo-
morphic structure, which we now describe. The projection € x H 5 (z,w) —
Imw € IR>? descends to the quotient and induces the structure of a differen-
tiable torus bundle:

T3(—> S M

|

Sl
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where the fibre is a 3-torus T° ~ ®*/(f, f,, ;) =~ R*/z3 and the base is the
circle obtained as R*°/ix). From the holomorphic perspective, consider the
real, closed (1, 1)-form

V-1

Y3

which is non-negative and represents c;(Kg,,) = —cP¢(Sy). Its kernel de-
fines a holomorphic parabolic foliation whose leaves are biholomorphic to C.
A key point is the strict relation between the differentiable and holomorphic
structures, arising from the irrationality in the construction. More precisely,
the leaves of the holomorphic foliation are dense in the fibres of the smooth
torus bundle [Ino74], see [TW13, Lemma 5.2] for details. Concerning the
metric structure, we note that

o= dw N dw,

wr:=4da+vV—1lydz Ndz

defines a Gauduchon and locally conformally Kahler metric on Sy, called
the Tricerri metric [Tri82], with the interesting property that its restriction
to any leaf is a flat Kahler metric.

For details on the construction of the Inoue-Bombieri surfaces of type
ST, we refer to [Ino74], see also [AT23]. These surfaces share many geometric
features with those of type Sy;. The main difference is that St surfaces are
bundles over S!, whose fibres are compact quotients of the three-dimensional
Heisenberg group. Once again, they admit a holomorphic parabolic folia-
tion with leaves biholomorphic to €*, which are dense in the fibres of the
bundle. These surfaces also carry a Gauduchon metric, (but not necessarily
locally conformally Kéhler,) originally constructed by Tricerri [Tri82] and by
Vaisman [Vai87].

Furthermore, every Inoue—Bombieri surface of type S~ admits an
unramified double cover given by an Inoue surface of type S+.

In the following, we consider the Chern-Ricci flow on an Inoue-Bombieri
surface S, of type either Sy; or S*, starting from a Gauduchon metric. Since
cBC(S) < 0, the flow exists for all times ¢ > 0. To study its long-time
behaviour, it is convenient to rescale the solution. Therefore we study the
normalized Chern-Ricci flow, defined by

0 . Ch _
2 o(t) = ~Ric%(w(t)) — w(t), w(0) = w,

where wy is a Gauduchon metric on S.
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In [TW13], the explicit solution to the normalized Chern—Ricci flow start-
ing from the Tricerri/Vaisman metric wy is computed and analyzed. It is
shown that w(t) — « uniformly as ¢ — 400, and that the associated metric
spaces (S,w(t)) converge in the Gromov-Hausdorff sense to a circle S*. This
convergence has been extended to the case where the initial metric is any
locally homogeneous metric [Laulb, LV15], and more generally, to metrics of
the form wgpr, + v/—190u, for u smooth real function, where wgpy, is strongly
flat along the leaves [FTWZ16]. Here, the condition of being strongly flat
along the leaves means that the restriction of wspy, to each leaf £ of the holo-
morphic foliation is a flat Kahler metric. Moreover, on the universal cover
p: € x H — S, one has p*wspr, = ¢ - v/—1dz A dz, where ¢ = c(Imw) is
a smooth positive function depending only on the imaginary part of w in
the case of Sy, while it is a positive constant ¢ > 0 in the case of S*. We
then proved that any Gauduchon metric can be deformed within its v/—100-
class to a metric that is strongly flat along the leaves, thereby extending the
convergence result to arbitrary Gauduchon initial metrics.

Theorem 17 ([FTWZ16, AT23)). Let S be an Inoue-Bombieri surface en-
dowed with a Gauduchon metric w. Then the solution w(t) of the normalized
Chern—Ricci flow starting at w exists for all time and converges uniformly
to a positive multiple of the degenerate form «. Moreover, the associated
metric spaces (S,w(t)) converge in the Gromov-Hausdorff sense to the circle
St equipped with the standard round metric.

Proof. Thanks to [FTWZ16], it suffices to show that any Gauduchon metric
w can be deformed to a metric of the form w-++/—190u, for some smooth real-
valued function u, to obtain a metric that is strongly flat along the leaves.
This condition is equivalent to requiring that (w-++/—100u)Aa = cw?, where
¢ > 0 is a positive constant and wr denotes the Tricerri/Vaisman metric. In
other words, we are looking for a smooth solution u of the degenerate elliptic
equation
\/—_lagu/\a_ w A« fsw/\a
A A

which can expressed in terms of the leafwise Laplacian

V—100u A «

2
wWr

ADU, =
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as
wha [owAa
Wi fswh
We first observe that the necessary condition for the solvability of the
equation Apu = G(w) is indeed satisfied, due to the Gauduchon condition
on w. To see this, consider a general Hermitian metric of the form

Apu = G(w), where G(w) :=

1 1 1
w=vV—-17r*ydz NdzZ++/—15 — dw Adw +u—=dz ANdw — u—=dw N dz,
Y2 VY2 VY2

where 7% > 0, s* > 0, and 7%s* — |u[* > 0 hold to ensure that w is positive-
definite. The condition for w to be Gauduchon, that is 90w = 0, can be
reformulated in terms of the fibration structure as

d (/ gw) =0,
T 1(y2)

which is equivalent to requiring that the function

R(ys) ::/ ( )7‘~V01(wT|rl(yQ))
7~ (y2

is constant in y,. On the other hand, the equation Apu = G(w) admits a
solution only if G(w) is orthogonal to ker Ap with respect to the L2-inner
product induced by wr. Due to the density of the leaves in the fibres, we
have ker Ap = 7*C*(S', IR), and thus the orthogonality condition becomes:

/ G(w) vol(wr|r-1(yy)) =0 for all yo € S™.
71 (y2)

A direct computation shows that the left-hand side equals

1 1
—=R(y2) + —][ R(1) w2,
8 8/

where R(y;) == [ ) " vol(wr|r-1(y,)). Hence, the solvability condition is
satisfied whenever w is Gauduchon.

We now prove that the above equation admits a solution, focusing on
the case of Inoue-Bombieri surfaces of type Sy;. These can be viewed as
mapping tori of the form

T3 x [1, )]
(q,1) ~ (¥(q), )’
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where 1) is a diffeomorphism of the 3-torus T3. Here, T° = R*/z(5,,0,,05),
where 0; := (Rem;, Imm,, ¢;) for i € {1,2,3}. We aim to solve the equation
Apu = g on T? x [1, ], under the assumption that the datum satisfies the
compatibility condition ¢(g,1) = g(¥(q),\). We will later show that the
solution u descends to the quotient Sj;.

Explicit computations show that the leafwise Laplacian Ap, when ex-
pressed in coordinates adapted to the lattice, takes the form

1 O
Ap = O Oy 03)Z 0],
D 32y2(1 2 3) 82

where Z is a symmetric, semi-positive definite matrix of rank 2. Its kernel is
generated by the vector (¢1, ls, (3).

We exploit the Fourier expansion along the torus. More precisely, we
write the datum as

9(t,92) = Y gilys) exp(2mvV/=1(t, k),

kez3

where g (y2) are smooth functions, and the zero mode go vanishes due to the
Gauduchon assumption on w. Note that, since A € ®, we have ker Z N Z3 =
{0}. Therefore, we obtain a distributional solution by setting

BRI omy=1)? kZEE

The Liouville approximation theorem for irrational algebraic numbers
ensures that the solution u is indeed smooth on T%. More precisely, since % /¢,
is assumed to be irrational but algebraic of degree d, we have the estimates

|]€Zl€t| = diSt((k?1, ]{32, ]{33), Span(ﬁl, EQ, 53)) Z diSt((k?1, ]{32), (gl, 62))

ky lo]? 1 1

22 2= k2 >
R Ky ‘ | 1| R ’klyqu = ’kyz(d—l)’

where k = (ky, ko, k3) € Z%\ {0}. Therefore, since our datum g is smooth,
for any N > 0 there exists a constant Cy such that

luk(y2)] < CN|k\_N as |k| = 4o0.
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This decay property guarantees that the Fourier series defines u smoothly
function on 7. The smoothness in the variable vy, follows from the smooth-
ness of the Fourier coefficients and the continuous dependence.

Finally, uniqueness of the solution ensure that it descends to Sy,.

We briefly sketch the case of the Inoue surface S*, while the remaining
case of S~ reduces to ST via the unramified double cover. In this case,
we employ partial Fourier expansion on nilmanifolds, a technique that has
proven useful in many other contexts, see e.g. [AT75, DS84, Ric82, HZ22a,
HZ22b, RS22], and that beautifully connects complex geometry, pde’s, and
number theory.

In this case, an arbitrary function on the fibres over gy, can be identified
with a smooth function f(z9, ¥y, 1) satisfying the periodicity conditions

f(w2,y1, 1) = f(w2 +ay, y1 +12b1, 21+ b12a + c1),
f(xo,y1,21) = f(x2 + az, 11 + yaba, 1 + boxa + 2),
f(x27y17x1) = f(x27 Y1, T1 + 63)7

where ay, by, c1,a9,by, o, c3 are parameters arising in the construction. We
perform a partial expansion

f(ze,y1,21) = ka(m,yl) exp (27T\/—_19;—;k)

keZ

with fast-decay coefficients satisfying the periodicities

b
fre(za,y1) = felre + a1, y1 + yoby) exp (27TV —1 (—15132 + ﬂ) k‘)

C3 C3
b2 Co

= fr(x2 + az,y1 +1pby) exp | 271V 1 C—$2+C— k).
3 3

In particular,

fo(xa,y1) = folxe + ar,y1 + y2b1) = fo(xa + a2, y1 + y2ba),

therefore,

(27T\/ —1 (y2boxs — a2yl)m I 21/ =1 (—yebizs + alyl)n)

T2, = ;m,n €X
fo(z2,91) Z fo P y2(a1by — ashy) Ya(aibs — asby)

m,neZ
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By using the above expansion, the equation Apu = ¢ on fibres is reduced
to the following system of linear ordinary differential equations of second

order:
9\ k2
(8_y1) Uk(x27yl) - 4W20—§Uk(9€27y1) = 9k($27y1),

for k € Z.
To solve the equation for k£ # 0, we apply the classical theory of ode’s,
while for £ = 0 it reduces to the algebraic equation

2
2 na; — masg
—4m U0,m,n b b = Jo,m,n-
yz(al 2 — Q2 1)

Arguments as before allow us to conclude. m

5.6 Problems

Exercise 30. Let X be a holomorphic manifold endowed with a Hermitian
metric w. Prova that the first Ricci form of the Chern connection, RicCh(w),
can be locally expressed as

Ric?"(w) L /=100 log det w.

In particular, it defines a cohomology class in Hg’é(X), which is independent

of the chosen metric. It is denoted as cP(X), the first Bott-Chern class

of X, and maps to the usual first Chern class c1(X) under the natural map
1,1

Hpo(X) — Hig(X, 0).

Exercise 31. Let X be a compact holomorphic manifold and let L — X be
a holomorphic line bundle. Given a Hermitian metric h on the fibres of L,
its curvature is locally defined by

Ry, foe —v/—10d1log h,

which gives a real, closed (1,1)-form on X. The Bott-Chern cohomology
class of Ry, in H}g’é(X) 1s independent of the choice of h, and is denoted
by cPC(L). Show that a Hermitian metric g on X induces a Hermitian
metric det g on the fibres of the anticanonical line bundle Ky', that is, the
determinant of the holomorphic tangent bundle, and that the Chern-Ricci
form satisfies Ric“"(w) = Ryetg. In particular, cP¢(X) = PO (K.
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Exercise 32. Let X be a holomorphic manifold endowed with a Hermitian
metric w. Show that under a conformal change of metric, the Chern-Ricci
form transforms as

Ric“"(e/w) = Ric”"(w) + v/ —190f.

Deduce that cPC(X) = 0 if and only if X admits a Hermitian metric with
vanishing Chern-Ricci curvature.

Exercise 33 ([Tos15]). Let X be a compact holomorphic manifold of complex
dimension n such that cP°(X) = 0. Show that, under any one of the following
assumptions, it follows that ¢;(X) =0 in H35(X,R):

e Kod(X) > 0;

e b1 (X)=0;

o X admits Kahler metrics;

o n=2;

o X belongs to the Fujiki class C.

Exercise 34 ([Magl7]). Let Y be a compact Kdhler Calabi-Yau manifold
of complex dimension n, namely, Ky ~ Oy. Let f: Y — Y be an auto-
morphism such that the induced action on H°(Y, Ky) ~ C has infinite order.
Construct a complex manifold X of dimension n+1 as follows: consider the
product Y x €, with an action of Z* generated by

(1,0) - (2,2) = (w2 +1), and (0,1)(x,2) = (f(x), 2 +7),
for some fixed non-real T € €. Define
X = (Y x Q)/Z?,

which is a holomorphic fibre bundle over the elliptic curve E = C/(Z + 7Z),
with fibre Y. Prove that X is not Kdhler, its canonical bundle Kx is not
torsion, even if the first Bott-Chern class vanishes, cB¢(X) = 0.

Hint. Note that the image of the monodromy map 7 (F) — Aut(H"(Y,R))
contains an element of infinite order. This is not possible when X is Kahler,
as shown in [Fuj78, Corollary 4.10]. If Q € H°(Y, Ky) is a nowhere vanishing
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holomorphic volume form, then f*{) = AQ for some A € C with |A\| = 1, and A
not a root of unity. This implies that Kod(X) = —oo, in particular K x is not
torsion. Finally, let wy be a Kéhler Ricci-flat metric on Y and let wg denote
the standard flat metric on C. Then wy A wg defines a Ricci-flat volume
form on Y x C, which is invariant under the Z?-action and then descends
to X. This provides a Hermitian metric on X with vanishing Chern-Ricci
curvature, and thus ¢2¢(X) = 0. O

Exercise 35. Prove that the Hopf manifold X has c(X) = 0 but cP¢(X) #
0.

Hint. Recall that by(X) = by(S x S?"~1) = 0. Note that the standard metric
w has Ric?"(w) > 0 but Ric“"(w) # 0. O

Exercise 36. Prove that the hypothetical complex structure on the six sphere
S¢ has ¢ (X) = 0 but P9 (X) #£ 0.

Hint. Prove that the conditions ¢;(X) = 0 and by(X) = 0 imply that Kx is
holomorphically torsion. On the other hand, since H'(X,Z) = H3(X,Z) =
0, the exponential sequence gives Pic(X) ~ H'(X,Oy), which is torsion-
free. Then Ky is in fact holomorphically trivial, so there exists a nowhere
vanishing holomorphic 3-form Q. Since € is closed and Hig (X, C) = 0, it is
exact: 2 = dn. Then

0< (V=D /

X

QAQ = (/D" / d(n A Q) =0,

X

where n = 3, which is a contradiction. O

Exercise 37. Let X be a compact complex surface. Let w(t) be a family of
Hermitian metrics evolving along the Chern-Ricci flow starting at wy. Show
that the volumes of X and of any curve D evolve according to the following
formulas:

Vol(X,w(t) = 5 [ (wn — tRic )"

Vol(D,w(t)) = /D (wo — t Ric™(wp)) .

Exercise 38. Let X be a compact holomorphic manifold endowed with a Her-
mitian metric wg. Show that, up to reparametrization of time and rescaling
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of the metric, there is a one-to-one correspondence between the Chern—Ricci

flow
0

aw(t) = —Ric™™w(t)), w(0) = wy, (CRF)
and the normalized Chern—Ricci flow
2 __p:Ch _ _
8tw(t) = —Ric""(w(t)) —w(t), w(0) = wo. (NCRF)

Hint. If &(s) solves (CRF), then setting
w(s)

w(t) == ST 1 with ¢t =log(s+ 1),

gives a solution to (NCRF) Conversely, if w(t) solves (NCRF), then
O(s) == e'w(t) with s=¢' -1,
solves (CRF). O

Exercise 39 ([TW15]). Let X be a compact complex surface. Consider the
maximal existence time T of the Chern—Ricci flow starting at any Gauduchon
metric wy. Prove that:

o IfT =+00, then X is minimal.

o [f the Chern—Ricci flow collapses in finite time, i.e. T < 400 and
Vol(X,w(t)) — 0 ast — T, then Kod(X) = —oo, therefore X is
either birational to a ruled surface or belongs to class VII.

o [fT < 400 and the flow is non-collapsing, i.e. Vol(X,w(t)) > ¢ > 0
ast — T, then X contains (—1)-curves.

Exercise 40 ([TW13]). Compute explitic solution of the (normalized) Chern-
Ricci flow on Hopf surface and Inoue surface, starting at the standard met-
TiCS.
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6 Open problems in complex non-Kahler ge-
ometry

Mathematics education can mean
disempowerment or empowerment.
(O. Skovsmose, M. Niss, [SNO08])

The following list presents a selection of open problems in complex non-
Kahler geometry, and related boundary regions. It is by no means intended
to be complete or comprehensive and naturally reflects the author’s interests
and limited perspective. Nonetheless, the author wishes to emphasize the
importance of identifying meaningful directions of research, — also in light
of ethical considerations and social justice.

6.1 Geometric representatives of cohomological classes

Even though it pertains primarily to Kahler algebraic geometry, we cannot
omit mentioning the Hodge Conjecture, which seeks to relate geometric ob-
jects to cohomology classes. For a complete exposition, we refer to [Voi02b].

Consider an analytic subset of a complex manifold X, namely, a closed
subset Z C X that is locally defined as the zero set of holomorphic functions.
The analytic subset Z is said to be irreducible if its smooth part Zgcetn is con-
nected. In this case, we define the dimension of Z as the complex dimension
of Zgmootn- By the Weierstrass Preparation Theorem, an irreducible analytic
subset Z C X of codimension 7 defines a cohomology class [Z] € H* (X, Z),
given by the Poincaré dual of the smooth part Zg,00tn. We define the group of
analytic cycles of codimension r as the free Abelian group Z"(X) generated
by irreducible analytic subsets of codimension r. By the previous argument,
there is a well-defined cycle class map

Z'(X) = H"(X,Z),
whose image,
H*(X,Z)un = im(Z2"(X) - H*(X,Z)),

is called the group of analytic classes. In the projective algebraic case, we
speak of algebraic classes, denoted by H*"(X,Z),,. Note that, when X is
Kahler, analytic classes lie in H?"(X,Z) N H™"(X), namely, they are Hodge
classes.
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Problem (rational Hodge conjecture). Let X be a projective manifold. Then
any Hodge class of degree 21 is represented by an integer multiple of the class
of an algebraic cycle, that is,

H” (X, Q) = H (X,Q) N H'™"(X).

As far as now, the conjecture is confirmed for projective threefolds, as
consequence of the Leftschetz (1,1) theorem, as well for special classes of
projective manifolds.

The statement is no longer true in the broader Kahler setting, as proved
by Voisin [Voi02a]. It would be interesting to understand to what extent
the Hodge problem can be formulated in the more general complex setting,
possibly beyond the Kahler category, or at least within suitable subclasses
of complex manifolds [Bas99].

6.2 Topological obstructions to holomorphic geometry

A fundamental question is to study algebraic invariants defined on compact
complex, or even differentiable, manifolds, and to clarify to what extent
they depend on the presence of an integrable complex structure (see also
Section 6.3). We take inspiration and reference from the beautiful survey
[Ste25b], focusing on cohomology groups, Chern classes, rational homotopy
groups, and higher operations, both in their realization problem (namely,
which sets of invariants can actually be realized by a space, or what linear
relations they must satisfy), and their classification problem (namely, to what
extent the given invariants determine the space).

For example, every sequence of non-negative integers can be realized as
the sequence of Betti numbers of some topological space, for instance, by
taking wedges of spheres. Even more deeply, it is a classical result in Rational
Homotopy Theory that any finite-dimensional, simply-connected, rational
commutative graded algebra can be realized as the singular cohomology ring
with rational coefficients of a simply-connected topological space.

When dealing with compact differentiable manifolds X of dimension n,
there exists a perfect pairing H*(X, Q) x H"*(X,Q) — Q, which, in partic-
ular, implies the symmetry of Betti numbers: by(X) = b,_x(X). Moreover,
when n = 2k is even, the induced pairing on H*(X,®) is (—1)*-symmetric.
As a consequence, if n = 2 mod 4, then the middle Betti number satisfies
bn2(X) = 0 mod 2. By [KS13], the relations above are the only relations
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that hold universally for all Betti numbers of compact smooth manifolds.
The realization problem for the cohomology ring of compact smooth man-
ifolds was studied by Sullivan [Sul77] and Barge [Bar76]; see e.g. [Ste25b,
Theorem 1.5] for a precise statement.

The almost-complex version of the Sullivan-Barge theorem was stated
in [Sul77] and later proved by Milivojevi¢ [Mil22]; see [Ste25b, Theorem
1.7] for a precise statement. In this case, the realization problem involves
the Stong congruences satisfied by the Chern numbers (namely, integrality
conditions coming out of the Atiyah-Singer Index Theorem), the requirement
that the signature of the intersection form equals a polynomial combination
of Pontryagin numbers, and the condition that the Euler characteristic equals
the top Chern number.

One advantage of working with integrable complex structures is the avail-
ability of various cohomology theories. In the compact Kahler case, a result
by Kotschick and Schreieder [KS13] shows that the only universal rational
linear relations between Hodge numbers, Betti numbers, and Chern num-
bers are those implied by the real structure and Poincaré duality, the Hodge
decomposition, and the Riemann-Roch theorem. The following questions
naturally arise in this context: see [Ste25b] and the references therein for
further details and partial results.

Problem ([Ste25b]). What are the linear relations that hold universally be-
tween the dimensions of the various cohomology theories associated with com-
pact complex manifolds of a given dimension? Are there other universal ra-
tional relations beyond those identified in [Ste21b], which arise from the real
structure, duality, constraints involving only dots in the corner, Frélicher
spectral sequence degeneration for compact complex surfaces, and the known
quadratic relation in complex dimension n = 2¢ Are there linear combina-
tions of the multiplicities of zigzags and Chern numbers that are topological
mvariants in complex dimension n > 3, other than the linear combinations of
Betti and Pontryagin numbers? Are there linear combinations of cohomolog-

ical invariants that are bimeromorphic invariants, other than those identified
in [Ste21a, Ste21b]?

This question is also related to a problem posed by Hirzebruch, see [Hirb4,
Problem 31]. It essentially reduces to a construction problem, see [Ste22,
Ste25b] for a precise formulation. We also note the existence of universal in-
equalities among cohomological invariants, see [AT13, AT17, PSU24, SW24].
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We briefly mention two further facts. First, a fundamental result by
Taubes [Tau92], see e.g. [ABCT96, Corollary 1.66], which states that every
finitely presentable group arises as the fundamental group of some compact
complex threefold. Second, we highlight recent work by Stelzig [Ste25¢|, who
developed a pluripotential analogue of rational homotopy theory for compact
complex manifolds.

Understanding to what extent the presence of a complex structure con-
strains the underlying topology is a fundamental open question, to which the
results and questions discussed above aim to contribute. Since spheres rep-
resent the simplest topological spaces, a natural question is whether a sphere
admits an integrable complex structure. For S? and S°, almost-complex
structures can be constructed using the quaternions and octonions, respec-
tively. However, a classical result by Borel and Serre [BS53] shows that
no other sphere admits an almost-complex structure. The natural almost-
complex structure on S? is integrable and corresponds to the complex mani-
fold CP!. In contrast, due to the non-associativity of the octonions, the nat-
ural almost-complex structure on S° is not integrable. Whether S admits
any integrable almost-complex structure remains an open question, known
as the Hopf problem. We refer to [ABG™18] for a detailed history and recent
developments on this problem.

Problem (Hopf problem [Hop48] and Yau problem [VdV66, Yau24]). Does
the siz-dimensional sphere S® admit any integrable complex structure? More
generally, is there a differentiable manifold of real dimension 2n > 6 that
admits an almost-complex structure but no integrable complex structure?

As a tentative approach to the Hopf problem, and inspired by an analogue
picture in real fluid dynamics, Sullivan proposed the following conjecture, as
communicated in [AM19].

Problem (Sullivan Conjecture, see [AM19]). Is the minimal sum of Betti
numbers of a compact complex manifold of complex dimension n > 3 equal
to four?

For compact complex manifolds of complex dimension n > 4, it is ex-
pected that the minimal total Betti number is 3, achieved for instance by
Calabi-Eckmann manifolds and Hopf manifolds. For compact complex curves,
the minimal value is 2 (attained by CP'), while for compact complex surfaces
it is 3 (attained by CP?). A positive answer to the Sullivan conjecture would
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therefore exclude the existence of a complex structure on S° whose total
Betti number is only 2, while the next minimal value is attained by CP3.

We notice that the existence of a complex structure on S® would imply
the existence of an exotic complex structure on €CP3, obtained by blowing
up the complex S® at a point, see e.g. [Tos17]. Note that it remains an
open question whether every complex structure on €CP? or, more generally,
on any compact Kéhler manifold of dimension greater than or equal to 3, is
necessarily Kahler.

6.3 Almost-complex cohomologies

Let us assume that M is a differentiable manifold endowed with a (non-

integrable) almost-complex structure. In this case, GR # 0, but once an
almost-Hermitian metric g is fixed, we can still define the elliptic operator

0,= 05 +7° 0.
In the integrable case, Hodge theory guarantees that the dimension of its
kernel is independent of the metric. However, this is not necessarily true

in the non-integrable setting. This question appears in Hirzebruch’s famous
problem list [Hir54] as Problem 20, known as the Kodaira—Spencer problem.

Problem (Kodaira—Spencer, Hirzebruch [Hir54]). Let M be a differentiable
manifold endowed with an almost-complex structure J. Choose an almost-
Hermatian metric g and consider the numbers

hy? = dim (ker 0, N QP4(M, J)) .

Is hb? independent of the choice of the almost-Hermitian structure? If not,
find another definition of “Hodge numbers” of (M, J) which depends only
on the almost-complex structure and generalizes the Hodge numbers in the
integrable complex case.

Recently, Holt and Zhang [HZ22b] gave a negative answer to the problem.
By developing an effective method to determine the [J-harmonic forms on the
Kodaira-Thurston manifold, they showed that the quantities h?¢ can vary
with different choices of almost-Hermitian metrics.

A recent attempt to define an analogue of Dolbeault cohomology in the
almost-complex setting is due to Cirici and Wilson [CW21]. Given the de-
composition of the exterior differential

d=p+0+0+7
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into pure-type components, where p: QP9(M,J) — QPT297Y(M,J), they
define the Dolbeault cohomology of (M, J) as

HEg(M, J) »= H* (HP(Q**(M, J), i), 0) ,

which arises as the first page of a functorial spectral sequence converging to
the de Rham cohomology of M. It often happens that this cohomology is
infinite-dimensional, see [CPS22].

In general, it would be useful to extend classical invariants of complex
geometry to the non-integrable case, see for instance [CZ23| regarding the
Kodaira dimension. We refer to [Ste25b] for a recent and thorough survey
on related problems in this direction.

6.4 Topological obstructions to Hermitian geometry

As we have seen, the existence of Kéhler metrics imposes strong topologi-
cal obstructions on the underlying manifold. On the other hand, there are
no known topological obstructions for weaker metric classes such as bal-
anced manifolds, although they admit characterizations in terms of currents
[Mic82]. Moreover, it can be easily shown that a Hermitian metric which
is both pluriclosed and balanced is necessarily Kéahler [AI01]. In all known
examples, the existence of both a pluriclosed and a balanced metric (not
necessarily the same metric) on the same manifold occurs only in the Kéhler
case.

Problem (Fino—Vezzoni conjecture [FV15, FV16]). Let X be a compact com-
plex manifold that does not admit any Kdhler metric. Is it true that the
existence of balanced Hermitian metrics and the existence of pluriclosed Her-
mitian metrics are mutually exclusive properties on X ¢ Where does this
incompatibility arise from, and are there other pairs of special Hermitian
metrics exhibiting similar incompatibility phenomena?

In the same spirit, the Streets-Tian Conjecture [ST10] states that a com-
pact complex manifold admitting a Hermitian-symplectic metric (that is, a
Hermitian metric which is the (1, 1)-component of a closed real 2-form) must
also admit a Kahler metric. This can be viewed as a higher-dimensional,
integrable analogue of Donaldson’s tamed-to-compatible question for almost-
complex 4-manifolds [Don06].

It would be interesting to investigate whether special metrics exist on
certain classes of complex manifolds. For instance, all known examples of
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compact complex manifolds satisfying the 99-Lemma property, including
Moisezon manifolds and manifolds in Fujiki class C, twistor spaces, and man-
ifolds arising from small deformations, indeed admit balanced metrics. The
existence of balanced metrics may follow from solving Hessian equations on
Hermitian mfds related to Gauduchon-Calabi-Yau [STW17, Pop15], as I first
learned from Demailly.

Problem (Demailly). Does every compact complex manifold satisfying the
00-Lemma property admit a balanced Hermitian metric?

We conclude this discussion by noting that construction techniques for
special Hermitian metrics may involve several approaches: elliptic non-linear
partial differential equations, even in weak sense (note that, when dealing
with non-K#hler metrics, deformations within a fixed v/—199-class do not,
in general, preserve the total volume, see [GL21, GL22, G123, AGL23] for
related results and applications); geometric flows (since Gauduchon metrics
are ubiquitous in any conformal class, the existence of a geometric flow pre-
serving the Gauduchon condition in all complex dimensions would be of par-
ticular interest); variational methods (see, for instance, [Gau84, AIOT21]);
and more recently, probabilistic techniques in the spirit of [Ber20, Ber23], see
also the references therein and [MMO07].

6.5 Canonical Hermitian metrics

We already discussed the Chern-Yamabe problem, namely the problem of
finding a metric with constant scalar curvature with respect to the Chern
connection in any conformal class of Hermitian manifolds. As we said, the
problem is still open when the expected constant curvature is positive, and
variational techniques in the standard sense can not be applied. Globally
speaking, such a metric would be highly non-canonical, since one exists for
any conformal class: one may asks how to make it canonical by coupling
it with another condition, for example, requiring it to be Gauduchon. Re-
call that any conformal class of Hermitian metrics contains a Gauduchon
representative, as proved in [Gau77b|, thus suggesting a possible iterative
procedure. The choice of the Chern connection is motivated by its role in
complex geometry, especially from the analytic perspective. However, other
choices are possible: see, for instance, the results by Barbaro [Bar23] con-
cerning Bismut connection. We also suggested that the role of the scalar

76



curvature might be replaced by other, more significant quantities, for exam-
ple, the moment map constructed in [ACPS22|. We then state the problem
in the following way.

Problem (Chern-Yamabe-type problems [ACS17, APST25]). Let X be a
compact complex manifold. In any conformal class of Hermitian metric,
does there exist a representative characterized by the constancy of the scalar
curvature of the Chern connection, or of other related geometric quantities?
What can be said about the geometry of the moduli space of such metrics, e.g.
compactness? Is there a meaningful way to couple the curvature condition
with a “cohomological” condition, e.q., to construct constant Chern scalar
curvature Gauduchon metrics?

6.6 Classification of complex manifolds and surfaces

The Global Spherical Shell (GSS) Conjecture claims that all minimal class
VII surfaces with positive second Betti number admit a global spherical shell,
that is, a smooth 3-sphere with a neighbourhood biholomorphic to a neigh-
bourhood of S? C C%, whose complement is connected. Thanks to [DOT03],
the GSS Conjecture is equivalent to the following standard conjecture, whose
proof would complete the classification of class VII surfaces, showing that
they consist only of Hopf, Inoue, and Kato surfaces.

Problem (standard conjecture on class VII surfaces). Any minimal compact
complex surface in class VII with positive second Betti number by > 0 has
exactly be(X) rational curves.

By combining techniques from complex geometry and gauge theory, Tele-
man [Tel05, Tell0, Tell7, Tell8] proved that any minimal class VII surface
X with 1 < by(X) < 3 contains a cycle of curves. A result of Nakamura
[Nak90] then shows that X is a degeneration of a one-parameter family of
blown-up primary Hopf surfaces, therefore completing the classification up to
deformation equivalence for small second Betti number. We refer to [Tell9]
for a recent account of the latest developments in the classification of non-
Kéhlerian surfaces.

It is natural to wonder whether geometric flows can be used to reconstruct
the global spherical shell, see [ST10, FTWZ16, TW22].

Concerning the classification of compact complex manifolds in arbitrary
dimension, we must mention the Minimal Model Program initiated by Mori
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and its analytic counterpart developed by Song and Tian [ST17] in the setting
of projective algebraic varieties. In the more general, complex and non-
Kéhler case, one may expect only partial classification results for specific
classes of manifolds, such as locally conformally Kéhler threefolds.

We also recall a conjecture of Bogomolov [Bog96], asserting that any com-
pact complex manifold can be realized as a submanifold transverse to an al-
gebraic foliation on a projective variety. A partial result in this direction was
obtained by Demailly and Gaussier [DG17], who established an embedding
theorem for compact almost complex manifolds as subvarieties transverse to
an algebraic distribution in a complex affine algebraic manifold.
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