TANGENT SETS AND ASSOUAD DIMENSION
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ABSTRACT. We discuss recent advancements in dimension theory related to
tangents. Our main conclusion is that for self-affine sets, the maximal Hausdorff

dimension of a tangent is equal to the Assouad dimension.
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1. INTRODUCTION

One of the fundamental geometric objects in analysis is the notion of a tangent.
Often, tangents will exhibit substantially more regularity than the original object:
for example, manifolds or rectifiable sets appear almost linear at almost every
point and at sufficiently high resolutions. As we will see, tangents also provide
a useful focal point for for discussing and defining purely “local” properties of a

given object.

A old observation, and one which we find particularly motivating for these notes,
is that the theory of tangents is indeed still very rich even for sets without global
regularity. This is the case for many sets in fractal geometry, and we will see that a
robust theory of tangents is a useful viewpoint to understand both fractal sets with

structure (for instance, some form of dynamical invariance) and without structure.

The primary goal of this survey is to explore the relationship between tangents
and geometry, and to see how structure can arise at microscopic resolutions which
is not visible at macroscopic scales. We will see how tangents relate to the As-
souad dimension, which is a coarse measurement of scaling which arose naturally
in embedding theory, and also how tangents provide a robust language to quan-
tify inhomogeneity in sets which are otherwise relatively homogeneous (such as

overlapping self-similar sets, or self-affine sets).

In Section 2, we cover the necessary preliminaries, Section 3 then introduces the
Assouad dimension and its fundamental properties, as well as defines the notion of
a weak tangent. The main result in this section is that the Assouad dimension of

any weak tangent is bounded above by the Assouad dimension of the original set.

Moving on to Section 4, we focus our attention on self-similar and self-affine sets.
We review some results on separation conditions for self-similar sets in the real
line, with a particular focus on those separation conditions which are relevant for
Assouad dimension. We show that a self-similar set in the real line which does
not satisfy the weak separation condition has a weak tangent which is an interval.
In particular, the Assouad dimension of such a self-similar set is 1. We then use
this result to construct a planar self-similar set whose Assouad dimension increases

under an orthogonal projection.
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In Section 5, we show that the maximal Hausdorff dimension of weak tangents is
the Assouad dimension. Actually, we show that there exists a weak tangent with
Hausdorff content (at the exponent given by the Assouad dimension) at least 1.
We use this result to obtain a lower bound for the Assouad dimension of typical

orthogonal projections.

Finally, in Section 6, we define the notion of a tangent and prove that any set
for which the Assouad dimension is in a certain sense topologically stable that the
maximal Hausdorff dimension of tangents is equal to the Assouad dimension. In
particular, this result applies to self-affine sets. As an example, we also provide a

careful study of a particular family of self-affine sets: Bedford—McMullen carpets.

2. HAUSDORFF CONTENT AND DIMENSION

2.1. Density result for Hausdorff content. For 0 < § < oo, we define the

s-dimensional Hausdorff §-content of X C R? is
Hi(X) = inf{z diam(U;)* : X € | JU; and diam(U;) < 5}.

Note that the Hausdorff content can be equivalently defined by using covers
consisting only of open sets or closed balls. The Hausdorff content is an outer
measure—but we emphasize that is highly non-additive and not a Borel measure.
Since the infimum is monotone with respect to inclusion, we have H;(X) < Hj(X)
whenever 0 < § < 7. The s-dimensional Hausdorff measure of X C R? is

H(X) = limH5(X) = sup Hi(X).

610 §>0

The Hausdorff measure H* is a Borel measure such that for every X C R? there is
a Borel set X’ D X such that H*(X') = H*(X). It is straightforward to see that
H*(X) = 0 if and only if H? (X) = 0.

Let us denote the Lebesgue measure on R? by £¢. Recall by the translation

invariance and the scaling stability of the Lebesgue measure,

LYB(z,7)) = rla(d) (2.1)
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for all z € R? and r > 0, where B(z,r) is the closed ball centered at z with radius
r and a(d) = £4(B(0,1)) is the volume of the unit ball.

Lemma 2.1. If0 < s < d, then H: (B(z,7)) = 2°r° for all v € R? and r > 0.

Proof. By the definition of the Hausdorff content, we have H? (B(z,r)) < 2°r°.
Therefore, it suffices to show the other inequality. Let {B(x;,r;)}; be a countable
cover of B(z,r). Notice that, by (2.1), we have

r=a(d) iLYB(z,1))

for all € R? and r > 0. Therefore, by the fact that 0 < 5 < 1, the subadditivity

and monotonicity of the Lebesgue measure imply

S (2 = —*ch (21,72)) QSa(d)_Z(ZEd(B(xi,ri))>d

7 %

=

»

> 2%a(d)"a L <U B(mi,ri)) > 2%a(d)"a LY B(x,r)d = 2°r°.

»

Since this holds for all countable covers { B(z;, ;) }:, we get H5_ (B(x,r)) = 2°r*. O

The following theorem is a density result for the Hausdorff content.

Theorem 2.2. If X C R? and H*(X) < oo, then

S (XNB
1 < limsup He(X N Bz, 1))
710 re

<2

for H®-almost all x € X.

Proof. The upper bound follows from the monotonicity of the Hausdorff content

and Lemma 2.1. To see the lower bound, we prove that the set

A= {:c € X : limsup oo (X ﬂsB<$’T)) < 1}

rl0 r

satisfies #°(A) = 0. Notice that A C (J, oy A1 1, where

As={re X :H (XNBx,r) <(1—=Nr°foral0<r<d}
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defined for all 0 < A, < 1 satisfies Ay y C Ay s whenever 0 < A. We observe that
it suffices to show that
H3(Axs) =0 (2.2)

for all 0 < A\,0 < 1. Assuming this, monotonicity of the Hausdorff content gives
H5(As 1) < H3(Ass) =0forall 0 < § < £ and, by letting & | 0, the subadditivity
of the Hausdorff measure implies H*(A) < > .y H*(A1 1) = 0 as required.

To show (2.2), fix 0 < A\,0 < 1 and let € > 0. Let {U;}; be a cover of A, s such
that Axs NU; # 0 with 0 < diam(U;) < 4 for all ¢ and

> diam(U;)* < Hy(Axs) + €.

Then H3(Axs NU;) = HE(Ars NU;) and Ays N U; € X N B(z;, diam(U;)), where
x; € Axs NU;. By the subadditivity and monotonicity of the Hausdorff content,

we thus have

Hi(Ans) < O Hi(Ans NU) = > Hi(Ans NU;)
<) HE(X N B(x;, diam(U;))) < (1—A) Y _ diam(U;)°

< (1= N (H3(Ars) +e).

By letting € | 0, we get H3(Axrs) < (1 — AN)H5(Axs). Since H3(Ars) < H(Ars) <
H*(X) < oo by the monotonicity of the Hausdorff measure, we see that this is
possible only when H3(A,s) = 0. O

2.2. Hausdorff measure and Ahlfors regularity. If X C R is a Borel set,

then the Hausdorff measure satisfies
H(X) = sup{H*(K) : K C X is compact such that H*(K) < oco}; (2.3)

see, for example, Mattila [28, Theorem 8.13]. It is easy to see that H’ is the counting
measure and H! is the length measure. Relying on the isodiametric inequality,
it can be shown that H¢ = 2¢a(d) ' L% see Evans and Gariepy [6, Theorem 2.5].
By (2.1) and Lemma 2.1, we thus have H%(B(z,r)) = 2%r¢ = H (B(x,r)) for all
x € R? and r» > 0. Furthermore, if f: X — R? is a Lipschitz map, i.e. there is
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A > 0 such that
|f(z) = f(y)] < Az —y|
for all z,y € X, then it follows easily that
H(f(X)) < NH(X). (2.4)

In particular, if f: X — R is a bi-Lipschitz map, i.e. there are n, A\ > 0 such that
nr =yl <|f(z) = f)l < Az —y|

for all z,y € X, then, by applying (2.4) to the inverse f~: f(X) — X, we have
H(X) < H(f(X)) S PR (X). (2.5)

It follows that the Hausdorff measure H?® is translation and rotation invariant, and

is also stable under scaling:
HI(X + 2) = H(X) and HI(AX) = MWH(X), (2.6)

where X + z={z+z2:2 € X} and AX = {A\z: 2 € X}. We note that (2.4)-(2.6)
are valid also for the Hausdorff content. For a detailed treatment of basic properties

of the Hausdorff measure, the reader is referred to Evans and Gariepy [6, §2],
Falconer [10, §2], and Mattila [28, §4].

The properties of the Hausdorff measure can be studied by finding general
measures with certain behavior. We say that a Borel measure p on R? is Ahlfors

s-reqular if there is C' > 1 such that
C~r* < u(B(z,r)) < Crf

for all x € spt(u) and 0 < r < diam(spt(p)). A compact set X C R? is Ahlfors
s-reqular if it supports an Ahlfors s-regular measure. A Borel measure p satisfying

w(B(x,r)) < Cr® for all z € R? and r > 0 is called an s-Frostman measure.

Theorem 2.3. Let i be a finite Borel measure on R%, X C R? be a Borel set, and
0<C < o0.

(1) If for every x € X it holds that

limsup ————= < (|,
rl0 re
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then H*(X) = C~1u(X).
(2) If for every x € X it holds that
lim sup p(B(z,r))
10 re

then H*(X) < 2°Cu(X).

>0

Proof. (1) Fix € > 0 and write
Xy, ={reX:uBx,r) <(CH+e)r’foral0<r< %}

for all n € N. Notice that X; C X, C --- and, by the assumption, X = J, oy X»-
Let {U;}; be a cover of X such that diam(U;) < + for all i. For every i and n with
U; N X, # 0 we choose x;,, € U; N X,,. Then clearly
X.c |J Uc |J B dan(l))
§: U X040 i UNX A0
and hence, by the definition of X,,,
pXn) <Y p(B(aig, diam(T7))) < (C +¢) ) _ diam(U;)°
’L':UiﬂXn;é@ 7
for all n € N. Since this holds for any Z-cover of X, it follows that p(X,) <
(CH+e)HL(X) < (C+e)H?(X). Therefore, u(X) = limy, oo p(Xyn) < (CHe)H (X)
and the claim follows by letting € | 0.

(2) Let € > 0. By Mattila [28, Theorem 1.10(2)], there exists an open set U D X
such that (U \ X) < e. Fix § > 0 and define

B={B(x,r)CU:z€X, 0<2r<0, and u(B(z,7)) > (C* —e)r}.

Notice that, by the assumption, X C |Jgz B and inf{r > 0: B(z,r) € B} =0
for all z € X. Let K C X be a compact set such that H*(K) < co. By Vitali’s

covering theorem for Radon measures, see Mattila [28, Theorem 2.8], there are
pairwise disjoint balls By, By, ... € B such that H*(K \ |,y Bi) = 0. Since the
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Hausdorff content is subadditive, we get

H3(K) < H3 (U BZ-) <) diam(B,)* <2°(C7 =)' > u(By)

1€EN 1€N 1€EN

<2(CT =) u(U) < 2°(C71 = o) N (u(X) + o).

By letting § | 0 and € | 0, we see that H*(K) < 2°Cp(X). Since this holds for all
compact sets K C X with H*(K) < oo, the claim follows from (2.3). O

For more details on densities, the reader is referred to Mattila [28, §6] and
Kéenmiki [20]. Theorem 2.3 has numerous consequences. The first is an observation

that the Hausdorff measure restricted to the Ahlfors regular set is Ahlfors regular.

Theorem 2.4. A compact set X C R? is Ahlfors s-reqular if and only if there is
C > 1 such that
C™rs <H (X N B(x,r)) <Cr'

for allz € X and 0 < r < diam(X).

Proof. Since the restriction H*|x is a Borel measure, it suffices to prove that the
Ahlfors regularity of X implies the Ahlfors regularity of H*®|x. Suppose that y is a
Borel measure supported on X and C' > 1 such that

Cr® < u(B(z,r)) < Crf (2.7)
for all z € X and 0 < r < diam(X). By Theorem 2.3 and (2.7), we have
C™ 25 < C'u(B(x,r)) < HY (X N B(x,r)) < 2°Cu(B(z,7)) < 25C**
for all z € X and 0 < r < diam(X). O

The second consequence is that we can replace the Hausdorff content in Theo-

rem 2.2 by the Hausdorff measure.

Theorem 2.5. If X C R? and H*(X) < oo, then

S(XNB
1<1imsupH( N B, r))

s
rl0 re < :

for H?-almost all z € X.
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Proof. By Theorem 2.2 and the fact that H3 (A) < H*(A) for all sets A C RY, it
suffices to prove the right-hand side inequality. Suppose to the contrary that there
are A > 2° and a Borel set A C X with #*(A) > 0 such that
lim sup Hlx(B(z,r)) >\
710 re
for all z € A, where H*|x is the restriction of H* to X. By Theorem 2.3(2), it
follows that H*(A) < 2°A71H%|x(A) < H*(A) which is a contradiction. O

The third consequence is an observation that every set with positive Hausdorff

measure supports a Frostman measure.

Theorem 2.6. A Borel set X C R? satisfies H*(X) > 0 if and only if there exists

an s-Frostman measure p such that u(X) > 0.

Proof. Let us first assume that there are a Borel measure u satisfying p(X) > 0
and a constant C' > 1 such that u(B(z,r)) < Cr® for all z € R? and r > 0.
Choose R > 0 such that (X N B(0,R)) > 0 and let v = p|p(,r) be the restriction
of u to B(0,R). Since v(B(x,r)) < Cr® for all z € R and r > 0 and, in
particular, v(R?) < CR® < oo, Theorem 2.3(1) gives H(X) > Cv(X) =
C'u(X N B(0, R)) > 0 as required.

To prove the other direction, suppose that H*(X) > 0. Recalling (2.3), let
K C X be a compact set such that 0 < H*(K) < oo. By Theorem 2.5, the set

*|k(B
K' = {Jc e K: limsupM < 23}
710 re
satisfies H*(K \ K') = 0. By Egorov’s theorem, we find a compact set Ky C K’
with H*(Ky) > 0 and ro > 0 such that H*(K N B(z,r)) < 27 for all z € K|

and 0 < r < rg. Writing p = H®|k,, we thus have u(Kp) > 0 and
w(B(z,7)) < H (K N B(z,r)) < 215r*

for all z € R? and 0 < < 7. Since
p(Blz.r) _ H(K)

s s
r o
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for all x € R? and r > ry, we have shown that p is an s-Frostman measure with
1(X) = u(Ko) > 0. O

Theorem 2.3 is also required in proving the variational principle for the Hausdorff

dimension, i.e. connecting Hausdorff dimensions of measures and their supports.

2.3. Hausdorff dimension. Suppose that X C R? and 0 < s <t < oco. It is
straightforward to see that if H*(X) < oo, then H'(X) = 0, and if H'(X) > 0,
then H*(X) = oo. The Hausdorff dimension of X is

dimyg(X) =inf{s > 0: H*(X) < oo} =inf{s > 0: H*(X) =0}
=sup{s > 0: H*(X) =00} =sup{s > 0: H*(X) > 0},

where we interpret sup® = 0. For example, if X is Ahlfors s-regular, then, by
Theorem 2.4, dimy(X) = s. Monotonicity of the Hausdorff measure implies that

the Hausdorff dimension is monotone, i.e.

whenever X C X’ C R% Therefore, by the subadditivity of the Hausdorff measure,
the Hausdorff dimension is countably stable, i.e.
dimg (U Xi) = sup dimy (X;)
ieN ieN
for all X1, Xs,... C R% As a single point clearly has H® measure one, countable
stability implies that any countable set has zero Hausdorff dimension. It is easy
to see that the Hausdorff dimension gives maximal dimension to open sets, i.e.
dimy(U) = d for all open sets U C R? Hence, dimy(Q) = dimg(R) = 1 >
0 = dimy(Q) and the Hausdorff dimension is not stable under taking closure.
Furthermore, if f: X — R? is a Lipschitz map, then it follows immediately from
(2.4) that
dimy (f(X)) < dimg(X).

We thus see that orthogonal projections cannot increase the Hausdorff dimension.
If f: X — R? is a bi-Lipschitz map, then (2.5) implies that

dimp(f(X)) = dimp(X).
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In other words, the Hausdorff dimension is invariant under bi-Lipschitz maps. For
a detailed treatment of basic properties of the Hausdorff dimension, the reader is
referred to Falconer [10, §2] and Mattila [28, §4].

Suppose that u is a Borel measure on R%. The lower pointwise dimension of
at x € R? is

: v logu(B(, 7))
dimy, (1, 7) = hlﬁgflf T logr

and the upper Hausdorff dimension of p is

dimy (i) = esssup dim,,. (i, 7).
op

For example, if y is Ahlfors s-regular, then dimg(y) = s. For more details on
pointwise dimensions, the reader is referred to Falconer [9, §10]. The following
variational principle is well-known in a form where the maximum is replaced by a
supremum. Since the question whether the supremum can be attained does not
seem to be so well documented, we modify Falconer, Fraser, and Kédenmaki [11,

Theorem 3.1] and present the full details in the following.

Theorem 2.7. If X C R? is a Borel set, then

dimg (X) = max{dimy (1) : 4 s a finite Borel measure on X }.

Proof. Fix a finite Borel measure y supported on X and let s < dimy(u). Choose a
Borel set A C X such that p(A) > 0 and dimy (u, z) > s for all z € A. It follows
that
lim sup M <1
10 re

for all z € A and hence, by Theorem 2.3(1), H*(X) > H*(A) > u(A) > 0 and
dimg(X) > s. By letting s 1 dimp(p), we see that dimg(X) > dimg(p). Therefore,
to prove the claim, it suffices to find a finite Borel measure p supported on X such

Write s, = dimp(X) — £ for all n € N. Recall that, by (2.3), for each n € N
there exists a compact set K, C X such that 0 < H*"(K,) < co. Define

H |k,

n= T d = 27",
=y ™ p=> 2"
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and note that p is a Borel probability measure. Let s > dimy(p) and notice that
the set
A={z e X :dimy(p,7) < dimp(p)}

has full measure, u(A) = 1. It follows that dim, .(u,z) < s and

lim sup M

10 re

for all € A and hence, by Theorem 2.3(2), H*(A) < 2°u(A) < oo and dimg(A) <
s. By letting s | dimg(u), we see that dimy(A) < dimg (). Since 1 = u(A) =
Y onen 27" pin(A), we have pi,(A) = 1 and H*" (K, N A) = H*"(K,) for all n € N.
Therefore, H*"(A) > H*(K,NA) = H**(K,) > 0 and dimy(A) > s, = dimp(X)—
L for all n € N. It follows that dimy(X) < dimy(A4) < dimg (). O

>1

3. ASSOUD DIMENSION AND WEAK TANGENTS

3.1. Assouad dimension. For a bounded set A C R?, the r-covering number of
A, ie.

k
N,.(A) = min{k eN:AC UB(:IZ‘Z',T’) for some w1, ..., 2 € Rd},

i=1
is the least number of closed balls of radius r > 0 needed to cover A. The Assouad

dimension of X C R% is

dimy (X) = inf{s > 0 : there is C' > 1 such that for every 0 <r < R <1

and z € X it holds that N.(X N B(z, R)) < C’<E>S}
r

It follows immediately that the Assouad dimension is monotone, i.e.

whenever X C X’ C R% It is thus easy to see that the Assouad dimension is

finitely stable, i.e.

dimy (X U X') = max{dimu (X), dima (X")}
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for all X, X’ C RY. It is also straightforward to see that
dimy (X x X') < dimp (X) + dima (X7) (3.1)

for all X, X’ C R The inequality in (3.1) can be strict; see Robinson [30, §9.2].
The Assouad dimension is stable under taking closure, i.e. dima(X) = dima (X)
for all X C R? and it gives maximal dimension to open sets, i.e. dimy (U) = d
for all open sets U C R?. Hence, dima(Q) = dims(Q) = dima(R) = 1 and the
Assouad dimension is not countably stable since a single point clearly has zero
Assouad dimension. On a related note, it is illustrative and straightforward to see
that dima({2 : n € N}) = 1 and dima ({5~ : n € N}) = 0. Finally, the Assouad

dimension is invariant under bi-Lipschitz maps, i.e.
dima (f(X)) = dima (X)

for all X C R? and bi-Lipschitz maps f: X — R? For a detailed treatment of
basic properties of the Assouad dimension, the reader is referred to Luukkainen
25, §3] and Fraser [15, §2].

The following lemma shows that the Hausdorff dimension is bounded above by

the Assouad dimension.

Lemma 3.1. If X C RY, then dimg(X) < dima (X).

Proof. By the countable stability of the Hausdorff dimension, it suffices to show
that
dimp (X N B(z, 1)) < dimy (X)

for all x € X. Let s > dima (X)) and notice that, by the definition of the Assouad

dimension, there exists C' > 1 such that for every x € X and 0 < r < 1 we have

N,(X A B(z, 1)) < c(1>5.

,
Hence, by the definition of the Hausdorff content,
H(X N B(z,1)) < N(XNB(x,1))(2r) <2°C.

By letting r | 0, we get H*(X N B(z,1)) < oo and dimg(X N B(z,1)) < s. The
claim follows by letting s | dima (X). O
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The following result shows that on Ahlfors regular sets the dimensions coincide.

Lemma 3.2. If X C R? is Ahlfors s-regular, then dimy(X) = dima (X) = s.

Proof. By Theorem 2.4, we have dimy(X) = s. Therefore, by Lemma 3.1, it is
enough to show that dima(X) < s. Fixx € X and 0 <r < R < 1. Let {x;}ie; C
X N B(z, R) be a maximal collection of points such that the family {B(z;, §)}ier is
ier B, r).
Since | J;e; X N B(z;, 5) € X N B(x,2R), it follows from Theorem 2.4 that there is
C' > 1 such that

CTHI(5) < P H(X N Bl 5) = W (UX mB(mi’%))

el il

pairwise disjoint. Note that, by maximality, we have X N B(z, R) C |

< H¥(X N B(x,2R)) < C(2R)".

It follows that N,(X N B(z, R)) < #I < 4°C*(£)* and dima (X) < s. O

3.2. Weak tangents. Let X C R? be closed and K(X) = {K C X is compact}.
The Hausdorff distance dy: K(X) x K(X) — [0, 00) is defined by setting
du(A, B) = max{sup dist(z, B),sup dist(y, A)}

€A yeB
for all A, B € K(X). It is easy to see that K(X) equipped with the Hausdorff
distance is a complete metric space; consult e.g. Edgar [5, §2.5]. Furthermore, the
topology generated by the Hausdorff distance is the Vietoris topology whose basis

consists of sets of the form
(Uy,...,U,) = {KG/C(X) K C UUi and U; N K # () for alli},
i=1

where Uy, ..., U, are non-empty open subsets of X. The following result is proved
by Mattila and Mauldin [29, Theorem 2.1].

Lemma 3.3. If X C R? is closed, then the function H2_: K(X) — [0, 00) is upper

semicontinuous.

Proof. Let K € K(X) and notice that H5_(K) < diam(K)* < co. Fix ¢ € [0, 00).
By the definition of the Hausdorff content and compactness of K, we have H?_(K) <
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c if and only if there are open sets Uy, ..., U, intersecting K such that
K C U U and Zdiam(Ui)s <c.
i=1 i=1

Since the set (Uy,...,U,), where Y " diam(U;)* < ¢, is open in the Vietoris
topology, we conclude that {K € K(X) : HS (K) < ¢} is open and the function
H: o K(X) — [0,00) is upper semicontinuous. O

For each z € X and r > 0 the magnification at x by r is the homothety

M, R? — R? for which
Z2—x

M, ,(z) =

for all z € R% A set T'C R? is a weak tangent of X if there are sequences (z,,)nen

of points in X and (r,),en of positive reals such that lim,, ., r, = 0 and
M,, ..(X)NB(0,1) =T

in Hausdorft distance. We denote the collection of all weak tangents of X by
Tan(X). The following lemma, proved by Kéenmaéki and Rossi [22, Lemma 3.11],

shows that weak tangents of weak tangents are weak tangents.

Lemma 3.4. If X C R? is closed, then Tan(Tan(X)) C Tan(X).

Proof. Fix T € Tan(X) and 7" € Tan(T). Let (M, )nen and (Ly,),en be sequences
of homotheties such that

M, (X)NnB(0,1) - T and L.(T)Nn B(0,1) = T"
in Hausdorfl distance. Let € > 0 and choose N such that

(T, Ly (T) N B(0,1)) < g

Write Ly(z) = Ayx + ty and choose P such that

da(T, Mp(X) N B(0,1)) < 31—

It follows that
dH(T,, Lyo MP(X) N B(O, 1)) < E.
The claim follows by letting ¢ | 0. U
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For positive Hausdorff measure sets, the following lemma, proved by Kaenmaki
and Rutar [23, Lemma 2.6], shows the existence of a weak tangent set having

Hausdorff content bounded from below.

Lemma 3.5. If X C R? is closed and H*(X) > 0, then there exists T € Tan(X)
such that HE (T) > 1.

Proof. Recalling (2.3), let K C X be a compact set such that 0 < H*(K) < oo.
By Theorem 2.2, we have

S (KNB
lim sup Ha (KN B(z,r) >
rl0 re

for H*-almost all z € K. Fix such a point z € K. Noticing that M, ,(K)NB(0,1) =
r YK —z)N B(0,1) = r~((K N B(x,r)) — z) and recalling (2.6), we can rewrite

the above inequality as

lim sup 2, (M, (K) N B(0,1)) > 1.
rl0

Since H5, : K(K) — [0,00) is upper semicontinuous by Lemma 3.3, there are

T" € Tan(K) and a sequence (r,),en of positive reals such that lim,, o, 7, = 0,
M, (K)NB(0,1) = T"

in Hausdorff distance, and HZ (T") > 1. Since M, (K)NB(0,1) C M,,, (X)N
B(0,1) for all n € N and, by possibly going into a subsequence, there is T' € Tan(X)
such that

M., (X)NnB(0,1) - T

in Hausdorff distance, we have 7" C T by compactness. Hence, by the monotonicity
of the Hausdorff content, H5_(7) > H3 (T") > 1. O

Our goal is to generalize the previous lemma to show the existence of such a
weak tangent set when the parameter s is the Assouad dimension. This goal will
be achieved in Theorem 5.7. To that end, we compare the Assouad dimensions of

a set and its weak tangent sets.

Let QN [0,1] = {¢; : i € N} be an enumeration of rationals in the unit interval
and X,, = {¢; : : € {1,...,n}} be a finite set in [0,1]. The Assouad dimension
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is finitely stable and we have dima (X, ) = 0 for all n € N. Since X,, — [0,1] in
Hausdorff distance and dima ([0, 1]) = 1, we see that the Assouad dimension is
not necessarily continuous with respect to the Hausdorff distance!. The following

lemma is proved by Mackay and Tyson [27, Proposition 6.1.5].

Lemma 3.6. If X C R? is closed, then dima(T) < dima (X) for all T € Tan(X).

Proof. Fix T € Tan(X) and let (z,),en be a sequence of points in X and (7,,)nen

be a sequence of positive reals such that lim,_,., 7, = 0 and
M,, .. (X)NB(0,1) > T

in Hausdorff distance. Without loss of generality, we may assume that r, < 1
for all n € N. Let s > dima (X) be arbitrary and, by definition of the Assouad
dimension, get a constant C' > 0 so that

N,(B(z, R) N X) < c(?)s
forallze X and0<r < R< 1.

Now let y € T and 0 < r < R < 1 be arbitrary. By definition of T, let n € N be
such that
du(My, -, (X)NB(0,1),T) < r.

Now, consider the ball Mw_nl,rn(B(y, R)) which contains some point z € X, so in
particular M_ ' (B(y, R)) C B(x,2Rr,). By choice of C,

R\s
N,..(B(z,2Rr,) N X) < (sz(—) .
T
Therefore,

R s
N,(M,, .. (X) N B(0,1) N B(y, R)) < C’2d<—) .
r
But each element of T" is distance at most r from some element in in M, , (X)N

B(0,1), and moreover each ball B(z,2r) can be covered by Dy balls of radius r,

This observation also disproves [24, Lemma 2.16].
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where Dy is some constant depending only on d. Thus
N.(T'N B(y, R)) < DaN,(My, ., (X) N B(0,1) N B(y, R))
< Dd2d0<§>s.
r
Since y € T'and 0 < r < R < 1 were arbitrary, we conclude that dima (7)) < s.

Since s > dimu(X) was arbitrary, we conclude that dima(7") < dima(X), as

claimed. ]

We conclude this section with an immediate corollary.
Corollary 3.7. If X C R? is closed, then

sup{dimy (7)) : T € Tan(X)} < dima (X).

Proof. The claim follows directly from Lemmas 3.1 and 3.6. U

4. SELF-SIMILAR AND SELF-AFFINE SETS

4.1. Self-affine sets and affinity dimension. Let ® = (¢y,...,on) be a tuple
of affine maps ¢;: R? — R? ;(1) = A;x +v;, where A = (A, ..., Ay) € GLg(R)Y
is a tuple of contractive invertible matrices and (vy,...,vy) € (RY)Y is a tuple of
translation vectors. By the classical result of Hutchinson [19, §3.1], there exists a

unique non-empty compact set X C R? such that

X =Jailx) (4.1)

The set X is called the self-affine set associated to ®. To avoid triviality, we
assume that X has at least two points. If the tuple A consists only of a constant
multiple of orthogonal matrices, then the maps ; are similarities and the self-affine
set is called self-similar. We use the convention that whenever we speak about a
self-affine set, then it is automatically accompanied with a tuple of affine maps
which defines it.

We recall that the singular values of A € GL4(R) are defined to be the non-
negative square roots of the eigenvalues of the positive-semidefinite matrix A" A and

are denoted ay(A), ..., ay(A) in non-increasing order. The identities a1 (A) = || A]|,
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ag(A) = [|A7Y|7", and [, ai(A) = |det A| are standard. For each s > 0 we

define the singular value function by setting

ar(A) - aps (A)apg (A)B) i 0 < s < d,
| det(A)]z, if s > d.

The value ¢*(A) represents a measurement of the s-dimensional volume of the
ellipse A(B(0,1)). Note that agz(A)® < ¢°(A) = ||A]]° for all 0 < s < 1 and
aq(A)® < ¢*(A) < ||A]]® for all s > 1. By Falconer [7, Lemma 2.1] (see also
Kéenméki and Morris [20, §3.4]), the singular value function is sub-multiplicative
meaning that ¢*(AB) < ¢*(A)e*(B) for all A, B € GL4(R).

Let ¥ = {1,..., N} be the collection of all infinite words obtained from the
letters {1,...,N}. If i = dyip--- € 3, then we define 0i = (i) = dgiz---
and i|, = iy---i, for all n € N. The empty word iy is denoted by &. Define
Y, ={ilp : i € X} foralln € Nand X, = |,y 2n U {2}. Thus X, is the
collection of all finite words. The length of a word j is denoted by |j| and the

neN

concatenation of a finite word i and j is denoted by ij. If i € X, then by i* we

mean the word ii---1i where i is repeated k times. We write

Pi = Pin 000 0 Py,
Ap= Ay A

foralli=4¢;---7, € X, andn € N.

For each A = (Ay,..., Ay) € GLg(R)" and s > 0 we define the singular value

pressure by setting .
P(A,s) = lim —log EZZ: °(As).

By the sub-multiplicativity of the singular value function, (log . .5 ¢°(As))nen is
a sub-additive sequence and hence, the limit above exists by Fekete’s lemma. It is
also easy to see that the pressure P(A, s) is continuous and strictly decreasing as a
function of s with P(A,0) > 0 and lim,_,o, P(A, s) = —oo. We may thus define the
affinity dimension by setting dim,g(A) to be the unique s > 0 for which P(A,s) = 0.
If X is a self-affine set, then by dim,g(X) we mean the affinity dimension dim,g(A).
Relying on (4.1), the self-affine set X can naturally be covered by the sets y;(B),
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where B is a ball containing X. Observe that in the planar case, each ellipse
¢i(B) can be covered by one ball of radius a;(A;) diam(B) or by a;(A;)/as(A;)
many balls of radius as(A;) diam(B). This gives a motivation to study the limiting
behavior of the sums ), .« ¢*(A;) and indeed, it is straightforward to see that

dimp(X) < min{d, dim,g(X)}; (4.2)
see Falconer [7, Theorem 5.4].

The canonical projection m: 3 — X is defined by setting
mi=m(i) = ZAM_IU%
n=1

for all 1 =419 --- € 3. It is easy to see that the image of ¥ is the self-affine set,
m(X) = X. Separation conditions allow simple interplay between ¥ and X. We
say that X satisfies the strong separation condition if ¢;(X) N ¢;(X) = O whenever
1 # 7. The strong separation condition is characterized by the requirement that the
canonical projection is one-to-one. We say that X satisfies the open set condition
if there exists an open set U C R? such that ;(U) C U for alli € {1,..., N} and
©i(U) N ;(U) = 0 whenever i # j. If such a set U also intersects X, then we say
that X satisfies the strong open set condition. Observe that the strong separation

condition implies the strong open set condition.

4.2. Self-similar sets and separation conditions. Let us next survey some
known results on separation conditions for self-similar sets. Fix a self-similar set
X c R? and let A = (r,04,...,ryOy), where 0 < r; < 1 and O; € O(d) for
all i € {1,..., N}, be the associated tuple of matrices. In this case, the affinity
dimension is called similarity dimension and we denote it by dimg,(X). Notice
that dimgy, (X) is the unique s > 0 for which S°N 7% = 1. Let us endow the group

i=1"1
of all affine maps with the topology of pointwise convergence and define
Y(z,r) ={i € X, : diam(p;(X)) < r < diam(p;- (X))
and ¢;(X) N B(x,r) # 0}

for all z € R? and 7 > 0. Recall that H*(X) < oo for s = dimp(X) by Falconer [8,
Theorem 4]. The following theorem characterizes H*(X) > 0 for s = dimg, (X).
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Theorem 4.1. If X C R? is a self-similar set and s = dimgy,(X), then the

following seven conditions are equivalent:

(1) X satisfies the open set condition,

(2) X satisfies the strong open set condition,

(3) sup{#X(z,r) :x € X and r > 0} < oo,

(4) the identity is not in the closure of {p;' o p;:1i,j € X, such that i # j},

(5) there is n > 0 such that |¢s — 3| = ndiam(p; (X)) for all i,j € X, with
i3,

(6) H*(X) >0,

(7) X is Ahlfors s-reqular,

Proof. Notice that (2) = (1) is a triviality and (7) = (6) follows from Theorem 2.4.
Hutchinson [19, §5.3] proved the implications (1) = (3) = (7), Bandt and Graf
2] showed that (6) < (4) < (5), and finally, Schief [32, Theorem 2.1] verified the
remaining implication (6) = (2). O

We say that a self-similar set X C R? satisfies the weak separation condition if
sup{#®(z,r) :x € X and r > 0} < o0,
where
D(a,r) = {1 : diam(py (X)) < r < diam(p; (X))
and 3 (X) N B(z,r) # 0}

for all z € R? and r > 0. By Theorem 4.1, the open set condition is valid if and
only if the weak separation condition holds and ¢; # ¢; for all i,j € ¥, with

i

Theorem 4.2. If X C R? is a self-similar set, then the following three conditions

are equivalent:

(1) X satisfies the weak separation condition,

(2) the identity is not a limit point of {oi' o ¢;:1,j € Xy such that i # j},

(3) there is n > 0 such that |5 — ;| = ndiam(p; (X)) for all 1, € X, with
P17 Py
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Furthermore, if s = dimy(X), then the following three conditions follow from the

above conditions:

(4) H*(X) >0,
(5) X is Ahlfors s-regular,
(6) dimp(X) = dim (X).

Proof. Tt follows from Zerner [33, Theorem 1] that (1) < (2) < (3). Note that
= (4) and, by [12,
Corollary 3.1], we have (4) < (5). The implication (5) = (6) follows immediately

[33, Corollary after Proposition 2| verifies the implication (1)

from Lemma 3.2. O

The weak separation condition is intimately connected to the behavior of weak
tangets. The following result is by Fraser, Henderson, Olson, and Robinson [16,
Theorem 3.1]. Angelevska, Kdenméki, and Troscheit [1, Theorem 4.1] generalized
the argument for a more general setting which proof Rutar [31, Theorem 3.4] then

modified with simplifications for the self-similar case.

Theorem 4.3. If a self-similar set X C R does not satisfy the weak separation
condition, then there exists T € Tan(X) such that dimy(7T") = 1.

Proof. Let (¢1,...,pn) be the associated tuple of similarities p;: R — R, p;(z) =
rix + v;, where 0 < |r;] < 1 and v; € R. Without loss of generality, we may
assume that ¢1(0) =0 and 7 > 0. Since X does not satisfy the weak separation
condition, the identity is a limit point of {¢;' o ¢; : i,j € %, such that i # j}
by Theorem 4.2. In other words, for each € > 0 there exist i # j, 0 < < ¢, and
|7 — 1| < € such that (4,7) # (0,1) and

¢;lopy(z) =yr+0 (4.3)

for all z € X. By appending at most two letters to i and j if necessary, we may

assume that ri, 75,6 > 0.
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Fix m € N and let hy = @ and &; = 1. For each ¢ € {1,...,m} use (4.3) to

choose iy, j, € X, and ky € Ny recursively so that with

hy = j£711’%—1 . ~-j11k1,

ki+-tke 1
1

Ee=rT ir Ty

it holds that:

(1) ¢5," 0 pj,(x) = vex + & for all z € X, where (J;,7,) # (0,1) and

ri&y

&y
0<d < — and Yo — 1] < —————,
m e < o )

(2) ky satisfies

no_nte 1
m S, m
Set

ke = i, 1% 1,10,

0 LEPIR

m

and note that, by construction,
Pl © 01, 0 P35, 0 Prx () = Yo + 1746
for all x € X. Therefore,
90ke+1he+1<0) — Preny (0) = Pk © Spl_klz © 90;1;1 © Pie O Prke © Pny (O) — Preny (0)
=yt e (r M0+ 0, (0) (9 — 1))
lAY,
for some Ay satisfying 5 < mA, <1+ 75 by the choice of k;,. In particular,

X — Prihy (O)

{0,Ar, ..., A1+ -+ A, 1} C = My, 0.0(X).

By letting m — oo, we conclude that [0, 1] € Tan(X) which finishes the proof. O

As a direct corollary, we see that in the real line all six conditions of Theorem 4.2

are equivalent.
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Corollary 4.4. If X C R is a self-similar set such that s = dimy(X) < 1, then

the following four conditions are equivalent:

(1) X satisfies the weak separation condition,
(2) H*(X) >0,

(3) X is Ahlfors s-regular,

(4) dimg(X) = dima (X).

Proof. By Theorem 4.2 and its proof, it suffices to show that (4) = (1). If X does
not satisfy the weak separation condition, then Theorem 4.3 guarantees the existence
of T'€ Tan(X) for which dimy(7") = 1. As a consequence, the assumption together
with Lemmas 3.1 and 3.6 show that dimp(X) < 1 = dimg(7) < dimy(7) <
dima (X') which contradicts with (4). O

We can also use Theorem 4.3 to show that, perhaps a bit surprisingly, Lipschitz

maps can increase the Assouad dimension.

Ezxample 4.5. We follow Fraser [13, §3.1] and construct a planar self-similar set whose
Assouad dimension increases under an orthogonal projection. Let 0 < o, 8,7 < 1

and choose ¢;: R? — R? by setting

e1(z,y) = a(z,y),

()02(:67y) = B<x7y) + (07 1- ﬁ)a
Denote the self-similar set associated to (1, ¢2,¢3) by X and let proj,: R? — V|
projy (z,y) = x, be the orthogonal projection onto the x-axis V', which we identify

with R. It is easy to see that proj, (X) is a self-similar set associated to (¢1, 12, 3),
where the maps ¥;: R — R are such that

U (z) = ax,
Yo(x) = Bz,
Y3(z) =y + (1 —7).

We may now clearly choose 0 < «, 5,7 < 1 so that X satisfies the open set condition
and dimy(X) < 1 but proj, (X) does not satisfy the weak separation condition. For
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example, Fraser [13, §3.1] calculated that the choices o = 2-V3 3= %, v = % work.
Theorem 4.3 guarantees the existence of T' € Tan(proj, (X)) for which dimy (7") = 1.
Lemmas 3.1 and 3.6 show that 1 = dimp(7") < dima (7") < dima (projy, (X)) < 1.

Therefore, by Theorem 4.1 and Lemma 3.2, we have
dima (projy (X)) =1 > dimg(X) = dima (X)

as claimed.

5. MAXIMAL WEAK TANGENT

5.1. Dyadic cubes. An interval I C [0,1) is called dyadic if it is of the form

o
r=|L 1%
2 2n

for some integers j,n € Ny. If I,...,I; are dyadic intervals of the same length,

then the product
Q=1 x---xI;c[01)

is a dyadic cube. The collection of all dyadic cubes of side length 27" is denoted
by Q,. We also write Q = UneNo Q... It is straightforward to see that if () and @’
are dyadic cubes such that Q N Q' # ), then they are contained in each other, i.e.
Q C Q' or vice versa. Therefore, if Q € Q,, is a dyadic cube, then there is a unique
dyadic cube, called the parent of @, in Q,_; which contains Q. Similarly, the 2¢
dyadic cubes of 9,1 contained in @) are called the children of ). In particular,
the dyadic cubes Q can be obtained by applying an iterated function system
(1, ..., pqa) satisfying the open set condition, where ¢, ..., p.a are the unique

homotheties taking [0, 1)¢ surjectively to Q1, ..., Q. € Q1, respectively.

In this section, we study the Assouad dimension of sets in [0, 1)¢. This is not a
restriction since the Assouad dimension is invariant under bi-Lipschitz maps and
any bounded set can be scaled and translated into [0, 1)4. For a set X C R, the

dyadic n-covering number of X, i.e.

Dp(X)=#{Q € Q,: XNQ #0},

is the least number of dyadic cubes of side length 27" needed to cover X N[0, 1)%.
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Lemma 5.1. If X C [0,1)¢ and 0 < t < dima(X), then there are m,n € Ny and
Q € 9,, such that
#D, (X NQ) =20,

Proof. By the definition of the Assouad dimension there are 0 < r < R < 1 and
x € X such that N
N.(X 1 B(z, R)) > 22V (2

r
Let m € Ny be such that 27™~! < 2R < 27™. Notice that the closed ball B(z, R)
is contained in an union of at most 2¢ dyadic cubes in Q,,. Therefore, by the

pigeonhole principle, there exists () € Q,,, such that
N(XNQ) > 2 ﬂ(r) >\/&< - ) (5.1)

Let n € Ny be such that v/d27""! < r < v/d2™". Write k = #D,(X N Q) and let
1y, QL € Q, be such that Q) C @ and @; N X # (). Since each )} is contained

in a closed ball B; of radius r, we see that

k k
xnQclJclUs
i=1 i=1
and N,.(X N Q) < k. Therefore, by (5.1),
t 27N\t 27Nt
pu— > —_—
#Dn(XNQ) k/\/c_l< r ) ><2*”>
as claimed. Il

For each Q € Q we let Mg: R? — R? be the unique homothety sending @
surjectively to [0,1)%. We define the mazimal relative dyadic n-covering number of
X c[0,1)? to be

Dn(X) = Cglelg}fn Dn(MQ(X>> = én{%ﬁ Dm-‘rn(X N Q)
meNg

Lemma 5.1 shows that for each 0 < ¢ < dima(X) there is n € N such that
D:(X) = 2™. We will strenghten this to hold for all large enough n. Furstenberg
[18, Lemma 5.1] observed that the sequence (D} (A))nen is submultiplicative.

Lemma 5.2. If X C [0,1)%, then D; . (X) < Di(X)Dj(X) for all n,k € N.
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Proof. Let @ € Q be such that D}, (X) = Dy (Mg(X)). If Q" € Q, satisfies
Mo(X)N@Q #0, then D, x(Mg(X)N Q') = Di(Mg o Mg(X)) < Di(X) and

Dk (X) < Z Dok (Mo(X) N Q")
Q'€Q: Mg (X)NQ/#£0

< Din(Mq(X))Di(X) < D (X)Dy(X)

as claimed. O

Relying on Fekete’s lemma for subadditive sequences, we may now write

A(X) = Tim 28 Pa(X)

5.2

for all sets X C [0,1)%. Note that for each 0 < t < A(X) there is ng € N such that
D (X) = 2™ for all n > ngy. The following lemma, proved by Kdenméaki and Rossi
[22, Proposition 3.13], shows that the Assouad dimension is bounded above by A.

Lemma 5.3. If X C [0,1)4, then dima(X) < A(X).

Proof. Let s > A(X) and choose ng such that D} (X) < 2" for all n > ny. Fix
0<r<R<1landz € X. Let m € Ny be such that 27! < 2R < 27 ™
and notice that the closed ball B(z, R) is contained in an union of at most 2¢
dyadic cubes in Q,,. If r < \/32_”0“}2, then we choose n > ng such that
VA2 < V/d27™ ™ Let Q € Q,, be such that Q N B(z, R) # 0 and
notice that D,,(Mg(X)) = Dpin(XNQ) < DF(X). Write k = D, (Mg(X)) whence
k<2 Let Q,...,Q, € Q, be such that Mo(X)N10,1)* c U, @, and denote
the center of each Q) by z; € R%. Since ¥, Q) ¢ Y, B(x;,2™r), we have

N (X NQ) = Noymp(Mo(X)N1[0,1)%) < k < 2.

Therefore,
N,(X N B(z,R)) < > N(XNQ)<2N,(XNQ)
QEQm : QNB(x,R)#0
27m72 s s/ R\s
< 2d2ns _ 2d+25(2_ > < 2d+2$\/3 (_> '
m—n r
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If V/d27" 1R < r < R, then the previous estimate applied to ¢ = 27 R satisfying
27Mr < p < 1 gives

N.(XNB(z,R)) < Ny(XNB(z,R))
< 2d+2s\/c_f(5>s < 9d+(no+2)s, /f° <§>8

0 r
and, consequently, dima (X) < s. The claim follows by letting s | A(X). O

5.2. Discrete Frostman measure. If a collection {wg}geo, of non-negative real

numbers satisfies ZQE o, Wq = 1, then the Borel probability measure

L%
p= D W)

Qe

is the Q,-discrete measure with respect to weights {wg }geg,. Suppose that p is a
Borel probability measure on [0,1)¢ and Q € Q,, is such that u(Q) > 0 for some
m € Ny. Recall that Mg is the unique homothety sending Q surjectively to [0, 1)<,
o is the restriction of p to @, and (Mg).p is the push-forward of p under M.
The Borel probability measure

1@ (Mg)«(1lg)
Q)

is the magnification of p with respect to Q). The following lemma shows that a

magnified discrete measure is a discrete measure.

Lemma 5.4. If  is a Q,-discrete measure with respect to weights {wg}oeo,
and Q € Q,, is such that p(Q) > 0 where m € {0,...,n — 1}, then p is a
Q,—m-discrete measure with respect to weights {M(Q)_leél(Q/)}Qlegnim.

Proof. Notice first that

Q — (MQ)*(M|Q> — —1 ) ‘Cd|MQ(Q’)
' M(Q) M(Q) Q’EQ;Q’CQ e Ed(MQ(Q,»
L

= > M(Q)_leél(Q’)W'

Q/GQn—m
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Since

=@ > YT EiGy 1,

the Borel probability measure u® is a Q,,_,,-discrete measure with respect to

weights {,u(Q)_leQfl(Qz)}Q'eanm- =

The maximal relative dyadic covering number introduces us a discrete measure

supported on a neighborhood of a magnification of the set.

Lemma 5.5. For every n € N there exist Q € Q and a Q,-discrete measure with

respect to weights {wq }greo, , where

Di(X)™Y, if Mo(X)n @' #0,
0, ifMQ(X)ﬂQ/:(a

Wqgr =
and Mg : R — R? is the unique homothety sending Q surjectively to [0,1)%.

Proof. Fix n € N and let @ € Q be such that D} (X) = D, (Mg(X)). Since

Y wg = 3 Da(Mg(X))™ =1,

Q'€n Q'€Qn : Mg (X)NQ'#0

the claim follows. O

A Borel probability measure p on [0,1)¢ is a Q,,-discrete s-Frostman measure if

Q) < diam(Q)*
for all Q € Q, and ¢ € {0,...,n}.

Proposition 5.6. If X C [0,1)%, 0 < s < A(X), and n € N, then there exists a

O, -discrete s-Frostman measure (i, i.e.

p(Q) < diam(Q')°
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for all Q' € Qp and £ € {0, ...,n} such that there is a dyadic cube Q € Qn with
N > n such that p is supported on the closed VA2~ -neighborhood of Mqg(X),
where Mg: R? — R? is the unique homothety sending Q surjectively to [0,1)7.

Proof. Fix n € N and let s <t < min{s + 1, A(X)}. Recalling (5.2), let kg € N be
such that

#D;(X) = 2M (5.3)
for all k > ko. Choose an integer k > max{ko, %} > n + 1. Recalling Lemma 5.5,
let @ € Q be such that pg is a Q-discrete measure with respect to weights
{Di(X) " Yoeo: Mo(x)ngr-0- If there are N € {n,...,k — 1} and Q) € Qy such
that ,u06 is a Q,,-discrete s-Frostman measure, then the proof is finished. Otherwise,
since jio is a probability measure and #0Q,, = 2", we choose @y € Q,, such that
to(Qo) = 274 and notice that there are ¢; € {0,...,n} and Q; € Qy, such that,

writing py = ,udQO, we have

1(Q1) = pd(Q1) > diam(Q)* = V24, (5.4)
Writing @) = ]\/[501(621), we see that @} € Q,,1p, such that @} C Qy and

#o(@o) - 1o(Qo)D(X) o =0 £@)

<2"Dp(X) - #{Q' € Ok Q' CQrand Mo(X)NQ #0}  (5.5)
= 2" Di(X) ™ Dy, (Mgy 0 Mo(X)
< 2"DL(X) " Dy, (X).
The estimates (5.3) and (5.4) thus give
Di g (X) 2 27 Di(X)pn Q1) > 272 Vd 27, (5.6)

We may now repeat the above procedure with the iterated bound (5.6) in place
of (5.3). Indeed, let us be the O,y -discrete measure with respect to weights
{Di e, (X) ™ Y requ s, : Mo(x)nqr20 for some @ € Q given by Lemma 5.5. Again,
if o is a Q,-discrete s-Frostman measure, we are done. Otherwise, there are
ly€{0,...,n} and Q2 € Qp, such that

112(Q2) > diam(Qs)* = Vd 27, (5.7)
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Repeating the reasoning done in (5.5), we see that
* — £d| '(QQ)
pa(Q2) = Dy, (X)7! > i)
QEQp sty : Mo(X)NQ'#0
= Dlt:—n—& (X)_le*n*(€1+f2)(MQ2 © MQ (X))
< ‘D;:‘fnffl (X>_1DZ)77”L7([1+£2)(X>

and hence, by (5.6) and (5.7),
D erse(X) = Dy (X)pa(Qa) > 27928/ 2 (820

Continuing inductively, we see that after m steps either the Qp_,_ (4. t0,,_1)-
discrete measure i, given by Lemma 5.5 is a Q,,-discrete s-Frostman measure or
there is £, € {0,...,n} such that

(e oy (X) > 272R /g g (),
If missuch that Kk —n </t +---+4+¥¢,, <k, then
2k(tfs)fnd < 27nd2kt\/am327k:s < DZ—n—(Z1+~~-+ém)(X> < 1

and k(t — s) — nd < 1 which is contradicting with the choice of k. Thus p,, is a

Q,,-discrete s-Frostman measure. O

Furstenberg [18, Theorem 5.1] proved that if X C [0,1)? is closed, then there
exists 7' € Tan(X) such that A(X) = dimy(7"). Recalling Corollary 3.7 and
Lemma 5.3, this implies dimy (X) = dimy(7") and the Assouad dimension is thus
characterized by weak tangents. The result for the Assouad dimension was first

explicitly observed by Kédenméki, Ojala, and Rossi [21, Proposition 5.7].

Theorem 5.7. If X C [0,1)? is closed, then dima(X) = A(X) and there exists
T € Tan(X) such that HE (T) > 1 where s = dimy (X).

Proof. We may assume that A(X) > 0 as otherwise, by Lemma 5.3, dimy (X) =
A(X) = 0 and the existence of the claimed tangent set is trivial. Let (s,)nen
be a sequence of positive real numbers strictly smaller than A(X) such that
limy, 00 S, = A(X). For every n € Nand 0 < s, < A(X), recalling Proposition 5.6,

let @, € Qn with N > n and u, be a Q,-discrete s,-Frostman measure supported
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on the closed v/d2~N-neighborhood of Mg, (X). In other words,
1a(Q) < diam(Q)* = Vd " 27 (5.8)

for all @ € Qy and ¢ € {0,...,n}. Going into a subsequence, if necessary, we

choose T' € Tan(X) and a Borel probability measure p such that
Mo, (X)N[0, 1) =T

in Hausdorff distance and

Hn —> [
in weak* topology; see Mattila [28, Definition 1.21]. Observe that, by compactness,
 is supported on T. Write s = A(X), let 0 < r < 1, and choose ¢ € N such that
271 < 2r < 274 Fix o € T and notice that the open ball B°(x,r) can intersect

at most 2¢ many dyadic cubes Q € Q,. Therefore, by the Portmanteau theorem,
see Mattila [28, Theorem 1.24], and (5.8),

(B (z, 7)) < liminf ,(B(x, 7)) < 2%liminf vVd "27%"
n—oo n—oo

< 2% liminf Vd " (4r)*n = 29V/d 4%r*.

n—s00
By Theorem 2.3(1), we have H*(T) > 27/d “4=*u(T) = 2=/d "4~ > 0 and
hence, dimy (7)) > s = A(X). Recalling Corollary 3.7, we see that dima(X) >
A(X) which, together with Lemma 5.3, gives the first claim. Furthermore, by
Lemma 3.5, there is 77 € Tan(T") such that HZ (7”) > 1. Since Lemma 3.4 ensures
that 7" € Tan(X), we have finished the proof. O

If X C[0,1)?is closed and s = dima (X), it would be interesting to know if there
exists an Ahlfors s-regular weak tangent set 7" € Tan(X). Regardless, Theorem 5.7

gives us an immediate corollary.

Corollary 5.8. If X C [0,1)? is closed, then

dim (X) = max{dimg(7) : T € Tan(X)}.

Proof. The claim follows directly from Corollary 3.7 and Theorem 5.7. U
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The above observation introduces a way to calculate the Assouad dimension of
a set by considering its weak tangents. We will apply this approach and study
what can in general be said about the Assouad dimension of orthogonal projections.
Recall that, by Example 4.5, orthogonal projections can increase the Assouad
dimension. Let G(d, k) be the collection of all k-dimensional linear subspaces in
R, Tt is a compact smooth manifold of dimension k(d — k) and inherits a Haar
measure 45 from the orthogonal group O(d). If V€ G(d, k), then we denote the
orthogonal projection onto V' by proj,: R? — V. The following result is due to
Fraser [14, Theorem 2.9].

Theorem 5.9. If X C [0,1)? and k € {1,...,d — 1}, then
dimy (projy (X)) = min{k, dima (X)}

for ya-almost all V € G(d, k).

Proof. Since proj (X) C m and the Assouad dimension is stable under
taking closure, we may assume that X is closed. By Corollary 5.8, there exists
T € Tan(X) such that dimp(7) = dima(X). Let (M,)nen be the sequence of
homotheties for which

M, (X)NB(0,1) > T (5.9)

in Hausdorff distance. Write M, (z) = r,z + v, where r,, > 0 and v, € R?%. Since
M,, is a homothety, the map Ly, = projy oM, o proj(/l: V' — V is well-defined for
all V € G(d, k). Note that

Lyn(2) = projy (1, projy' (z) +vn) = 7@ + projy (v,)
for all z € V and hence, Ly, is a homothety. Therefore, by (5.9),
Ly (projy (X)) N projy (B(0, 1)) = projy (M, (X)) N projy (B(0,1))
D projy (M,(X) N B(0,1)) — projy ()

in Hausdorff distance. By going into a subsequence, if necessary, we find 1" €
Tan(proj, (X)) such that

Lyn(projy (X)) N projy, (B(0,1)) — T" O projy(T).



34 ANTTI KAENMAKI AND ALEX RUTAR

By Lemma 3.6, monotonicity of the Assouad dimension, and Lemma 3.1, we have
dima (projy, (X)) = dima(7") = dima (projy (7)) > dimy(proj, (T)).  (5.10)

Furthermore, by Marstrand’s projection theorem, see Mattila [28, Corollaries 9.4
and 9.8], and the choice of T' € Tan(X), we have

dimg (projy (7)) = min{k, dimy(7") } = min{k, dima (X)} (5.11)

for v4,-almost all V' € G(d, k). The proof follows by combining (5.10) and (5.11).
O

Fraser and Kéenmaki [17, Theorem 2.1] showed that for every upper semi-
continuous function f: G(2,1) — [0,1] there exists a compact set X C R? with
dima (X) = 0 such that dima (proj, (X)) = f(V) for all V € G(2,1). The result
demonstrates that dimu (proj (X)) can take on any countable number of distinct

values with positive measure and also, can avoid all values almost surely.

6. TANGENTS ON SELF-AFFINE SETS

6.1. Tangents and maximality on self-affine sets. A set 7' C RY is a tangent
of X C R? at z € R? if there is a sequence (7,)nen of positive reals such that
lim,,_o 7, = 0 and

M,, (X)NB(0,1) =T

in Hausdorff distance. We denote the collection of tangents of X at x by Tan(X, z).
Note that every tangent is a weak tangent, Tan(X,x) C Tan(X). We remark that
Lemma 3.5 shows the existence of a tangent with Hausdorff content bounded from
below. The following example of Le Donne and Rajala [24, Example 2.20] shows

that, in general, the Assouad dimension cannot be characterized by tangents.

FExample 6.1. Let

X ={0}uU G 2"+ a7y c[o,1].

k=10=0
It is straightforward to see that dima (X) = 1 but dimu (7") = 0 for all T € Tan(X, z)
and x € X.
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By Corollary 5.8, the Assouad dimension gets realized on a weak tangent. This
is particularly important detail in the study of self-affine sets as such sets often
undergo a metamorphosis in approaching the weak tangent. A common technique in
studying self-affine sets is to relate the underlying geometry to symbolic properties
associated with the space of all infinite words. Therefore, if the Assouad dimension
of a self-affine set was realized on a tangent, then upper bounding the Assouad
dimension would be easier since one may fix in advance an infinite word for the
point. The following theorem, proved by Kéenméki and Rutar [23, Theorem 2.12],

guarantees that this is indeed the case.

Theorem 6.2. If X C R? is a self-affine set and s = dima (X), then there exist
x€ X and T € Tan(X, z) such that H3 (T) > 27°.

Proof. Let (¢4, . .., @) be the associated tuple of affine maps ¢;: R? — R?, o;(z) =
Az + v;, where (A, ..., Ay) € GLg(R)Y and (vy,...,vy) € (RHN. Fix 2, € X
and 0 < r; < 1. Since X is a self-affine set, there is an affine map f; such that
fi(X) C XNB(xy,ry). Indeed, if i € 3 is such that 7(i) = x;, then we may choose
fi = i}, where n is the smallest integer such that a;(A;,) diam(X) < r;. Since
dima (f1(X)) = s, Theorem 5.7 guarantees the existence of 77 € Tan(f;(X)) such
that HS_(T1) > 1. Thus there exists a homothety M;: R — R M, (x) = Mz + vy,
such that 0 € M;(X), it is expanding by A; > 1, and

dia(Ty, My (f1(X)) 0 B(0,1)) < 1.

Choose next zo € X and 0 < r < 3 such that B(wy,r2) C My '(B°(z1,11)),
and repeat the above construction. Iterating, we obtain a sequence (f,)nen Of
affine maps, a sequence (T}, )nen € (Tan(f,(X)))N of compact sets, and a sequence

(M) nen of homotheties, each expanding by A, > n, such that

1) fu(X) C X,

2) Hi(To) 2 1,

3) M, 5 (B(0,1)) € M, *(B(0, 1)),
)

(
(
(
(4) dit (T, Mo (f(X)) N B(0,1)) < .
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Let = lim,_,o, M, '(0) and note that, by (3), z € M, *(B(0,1)) for all n € N.
Recalling (4), let L, be a homothety such that it is contracting by 3 and

diy (Ln(Tn), A”(f"g() — ) ﬁB(O,l)) < % (6.1)

Observe that, by (2.6) and (2), we have H3_(L,(T,)) = 27°. Passing to a subse-

quence if necessary, we may set

Tp = lim An(fn(X) = @) N B(0,1) and T = lim

n—o00 2 n—soo

By (6.1) and (1), we have lim, .o, L,(T,) = Ty C T € Tan(X,x). Since the

Hausdorff content is upper semicontinuous by Lemma 3.3, we conclude that

M=)

H(T) = HE(Ty) = limsup H3 (L,(T,)) = 27°

n—oo

as required. O

It is an immediate corollary of Theorem 6.2 that the Assouad dimension of a
self-affine set gets realized on a tangent at some point. It is worthwhile to emphasize

that the result does not assume any separation condition.

Corollary 6.3. If X C R? is a self-affine set, then

dima (X) = max{dimyg(7) : z € X and T € Tan(X,x)}.

Proof. The claim follows directly from Corollary 3.7 and Theorem 6.2. O

6.2. Assouad dimension of Bedford-McMullen carpets. We will consider a
particular class of self-affine sets. Let ¢ > p > 2 and N € {2,...,pq} be integers.
Write A = diag(%, é) € GLy(R) and choose I C {0,...,p—1} x{0,...,g—1} to be
a set of N elements. The Bedford-McMullen carpet is the self-affine set X C [0, 1]?
associated to a tuple (¢1,...,py) of affine maps which all have the same linear
part A and the translation part is from the set {(%, g) €1[0,1)?: (5, k) € I}. Write
n; = #{k : (j,k) € I} to denote the number of sets ¢;([0,1)?) the vertical line
{(%, y) : y € R} intersects. We use the convention that whenever we speak about a
Bedford-McMullen carpet, then it is automatically accompanied with this notation.
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Our goal is to determine the Assouad dimension of a Bedford-McMullen carpet
X. The result is due to Mackay [26, Theorem 1.1]. Our approach below relies on
the fact that the Assouad dimension of a self-affine set gets realized on a tangent
and the proof is a modification of Bardny, Kdenméki, and Yu [3, proof of Theorem
3.2]. To that end, we begin with an observation that a vertical slice of any tangent

set can be affinely embedded into X.

Lemma 6.4. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then for every v € X and
T € Tan(X, x) there exist z € X such that

dimp (7'NV) < dimg (projy (7)) < dima (X N (V + 2)).

Proof. Let i € ¥ be such that 71 = z and let (r,),en be a sequence of positive

reals such that lim,,_,. r,, = 0 and
M., (X)NnB(0,1) =T

in Hausdorff distance. For each n € N choose k, € N such that ¢7*=2 < r, <
¢~*~1. Notice that X N B(x,r,) C ¢, (X). By compactness, going into a
subsequence if necessary, there is € X such that mo %1 — 2. Hence,

gp:‘i oM, — Aprojy +z

uniformly on B(0, 1), where A € [¢~2,¢!], and thus,

el (XN Be,ra) = 5! oM, (M, (X) 1 B(0,1)) = Aprojy(T) + =

Z,Tn

1_|i (X N B(x,r,)) C X, we get by compactness

that Aprojy, (T) + z C X. As trivially TNV C proj (T), the claim follows by

in Hausdorft distance. Since ¢

recalling that the Assouad dimension is monotone and invariant under bi-Lipschitz

maps. ]

By considering maximal tangent sets, this observation easily converts to an upper
bound for the Assouad dimension by means of the projection onto the z-axis and

the maximal vertical slice.



38 ANTTI KAENMAKI AND ALEX RUTAR

Proposition 6.5. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then for every v € X and
T € Tan(X, x) it holds that

dima (7T") < dimp (projy . (X)) + maxdima (X N (V + z)).

zeR?
Proof. Since trivially T' C projy . (T') x projy(T"), we get from (3.1) that
dima (7") < dimp (projy .+ (7)) 4 dima (projy (7).
By Lemma 6.4, there exists z € X such that
dimy (projy (7)) < dima (X N (V + 2))

and the proof is finished. O

The construction of the Bedford-McMullen carpet has a lot of regularity and
therefore it is expected that the dimensions of the projection and the maximal

slice play a role also in the lower bound. In the following lemma, we express these

quantities by means of the data given to define the carpet.

Proposition 6.6. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then

zlog#{jé{l,,p}n]#()}

dimg (projy . (X)) = dima (projy . (X))

log p
and
max dimg (X N (V + z)) = maxdima (X N (V +2)) = max M.
weR? zeR? je{l,...p} logq

Proof. We identify both the y-axis V and the z-axis V' with R. It is easy to see that
projy. (X) C [0,1] is the self-similar set associated to #{j € {1,...,p} : n; # 0}
many homotheties 1;: [0,1] — [0, 1], ¢;(z) = %x + ;—;, where n; # 0. Furthermore,

as projy . (X) satisfies the strong separation condition, Theorems 4.1 and 4.2 give

dima (projy . (X)) = dimyg(projy . (X)) = dimgy, (proj, . (X))

_log#{j €{1,...,p} :n; # 0}
N log p
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as required.

To prove the second claim, notice that it suffices to maximize the dimensions of
XN(V+(z,0)) over z € [0,1]. Let jo € {1,...,p} besuch that nj, = maxjeq,.. ;.
Define z = lim, 00 ¥52(0) = >3, 1% € [0,1] and notice that X N (V +(z,0)) is the
self-similar set associated to nj, many homotheties v;: [0,1] — [0, 1], 1 (y) = %y%—%,
where (jo, k) € I. Furthermore, as X N (V + (z,0)) satisfies the strong separation

condition, Theorems 4.1 and 4.2 imply that

dimpy (X' N (V +(2,0))) = dimu(X 0 (V + (2,0)))

logn;
= dimgn (X N(V + (2,0))) = —2.
i (X 01V (2,0)) = 272
By the definition of z, it is evident that the dimension of X N (V + (z,0)) reaches
its maximal value at © = z. U

To find the lower bound for the Assouad dimension, we bound the dimensions of

the projection and the maximal slice from above by means of tangent sets.

Lemma 6.7. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then for every v € X and
T € Tan(X, x) it holds that

dimy (projy. (X)) < dimg(T N (V* +y))

for ally e TNV N B0, 3).

Proof. Let i € ¥ be such that 71 = x = (21, x2) and let (7,),en be a sequence of

positive reals such that lim,,_,,, r, = 0 and
M., (X)NnB(0,1) - T

in Hausdorff distance. For each n € N choose k, € N such that p~**+1 < r, <
p~* 2. Notice that ¢;), (X) C B(0,1) and

Tn . .
ok Prodve (Mo, (416, (X)) + (1, 0) = projy. (X).
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Since M, ., (¢1,, (X)) C R x [—qrz" : q;:n] and q;:" — 0, going into a subsequence

if necessary, we see that
Moz, (1), (X)) = Aprojy. (X) — (21,0))

in Hausdorff distance, where X\ € [p~, p~']. Recalling that M, (s, (X)) C
M, (X)N B(0,1), we get by compactness that

Aprojy. (X) — (21,0)) c TNV,

By the construction of the Bedford-McMullen carpet, it is evident that an affine
copy of projy-1 (X) is contained also in TN (V- +y) for ally € TNV NB(0, 5). The
claim follows by recalling that the Hausdorff dimension is monotone and invariant

under bi-Lipschitz maps. U

Recalling Lemma 6.4, the second lemma shows the existence of a tangent set

having maximal vertical slice.

Lemma 6.8. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then there exist z € X and
T € Tan(X, z) such that

mz]%é(dimH(X N(V+2x)) <dimg(TNV).
zEe

Proof. Recall from the proof of Proposition 6.6 that the maximum in the claim is
attained at dimg(X N (V + z)), where X N (V + ) is a self-similar set. Therefore,
by Corollary 6.3 and Proposition 6.6, there are z € X N (V 4+ ) and T' € Tan(X N
(V + ), 2z) such that dimg (7)) = dima (X N (V + 2)) = dimug(X N (V + x)). Let

(rn)nen be a sequence of positive reals such that lim,, ., 7, = 0 and
M., (XN (V+2z)NB0,1) =T

in Hausdorff distance. Note that, as M, ,, is a homothety, we have M, . (V+z) =V.
By going into a subsequence, if necessary, we find 7" € Tan(X, z) such that

M., (X)NB(0,1) = T’
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in Hausdorff distance. By compactness, we have T'C 7" NV and thus,
dimg(X N (V 4+ x)) = dimy(T) < dimg(T' NV)

as required. U

The above two lemmas now convert to a lower bound for the Assouad dimension

by means of the projection onto the z-axis and the maximal vertical slice.

Proposition 6.9. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition and V € G(2,1) is the y-axis, then there exist z € X and
T € Tan(X, z) such that

dimy (7T) > dimg(proj, . (X)) + max dimpg(X N (V 4+ 2)).
TEe

Proof. By Lemma 6.8, there exist z € X and T € Tan(X, z) such that
max dimg(X N(V +2)) < dimg(TNV) (6.2)
z€R?

and, by Lemma 6.7, it holds that
dimg (projy (X)) < dimg(T N (V* + 1)) (6.3)

for all y € TNV N B(0,3). Relying on Proposition 6.6 and (6.2), choose 0 <
s < dimyg(T N'V) and, by Theorem 2.6, let ;1 be an s-Frostman measure on
TNV nB(0, %) By Marstrand’s slicing theorem, see Bishop and Peres [4, Theorem
3.3.1], we have

dimy (T N (VE +y)) < dimg(T) — s (6.4)

for p-almost all y € TNV N B(0,1). By letting s + dimg(7'NV), we get from

2

(6.3), (6.4), and (6.2) that
dimg (projy . (X)) < dimyg(7) — dimg(T'NV)
< dimy (7)) — maxdimyg(X N (V + x))

rER2

as required. U

As a corollary, we are able to determine the Assouad dimension of a Bedford-

McMullen carpet.
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Corollary 6.10. If X C R? is a Bedford-McMullen carpet satisfying the strong
separation condition, then

_ log#{j € {1,...,p} : n; #0} © max log n;

dima (X '
imp (X) logp ie{l..ny loggq

Proof. By Corollary 6.3, the claim follows directly from Propositions 6.5, 6.6
and 6.9. N

Recall from Theorem 4.2 that a self-similar set X satisfying the weak separation
condition has dimy(X) = dima (X). By (4.2), we have dimy(X) < dim,g(X) for
all self-affine sets X. In the following example, we show that a Bedford-McMullen
carpet X can have dim,g(X) < dima (X) even if the strong separation condition is
satisfied.

Ezample 6.11. Write A = (A, ..., A) € GLy(R)", where A = diag(%, %), and note
that P(A,s) = log(Ny*(A)). Hence,

log IV if Ne{2,...
dimag (X) = 10%1’1’ . : {27k, (6.5)
1+%, if Ne{p+1,...,pq}.

Let X C [0,1]* be the Bedford-McMullen carpet associated to the following choices:
Fix ¢ =5, p=4, and N = 5, and choose the translation vectors such that n,; = 3,
ny = 0, ng = 1 = ny, and that the strong separation condition is satisfied. Then,
by (6.5) and Corollary 6.10, we have

log4 log3 log3
0g<og+0g

dimaﬂ(X) =2 e dlmA(X)

B logb log4 logh
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